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k(x,X), X ~ P
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We propose: P +— kernel quantiles of P under k

+ kernel quantile discrepancies that are:

« distances under mild conditions,
e connected to Wasserstein distances,
* can be estimated at near-linear cost.
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distribution P on & C R?

When & C R, the a-quantiles of P is

pp:=mi{x € X : P(|—00,x]) > a}

When & C R¥ there are multiple extensions.We consider
directional quantiles.
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PP = Pyl

\ projection map ¢, (x) = (u, x)

extends naturally to infinite-dimensional Hilbert spaces!
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A is Hausdorff, separable, and o-compact,

k is quantile-characteristic
(P — {pg’” ca € [0.1]; u € 5.1 isinjective)

the kernel k is continuous, and separating on &,
! x;éy=>k(x,)7ék(y,)

very mild assumptions!

“k Is mean-characteristic” is more challenging to establish. ..
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k is mean-characteristic : k is quantile-characteristic

&

Implication: for any discrepancy D(P, Q) that aggregates k-quantiles injectively,

MMD(P, 0) > 0 :} D(P,0) > 0

&
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Recipe: |. for every u, aggregate the u-direction quantiles,
& corevate over i
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Recall:

+ X is Hausdorff, separable, and o-compact,

» the kernel k is continuous, and separating on &, k is quantile-characteristic

XFY=> KX, ) F kK, )

VWhen the quantiles are aggregated "invectively’, we get a distance!
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» 2 is Hausdorff, separable, and o-compact,

+ the kernel k is continuous, and separating on 2,

1/p
sup-KQD, (P, 05 ) = ( sup |2 (P, 0: v, 1) )
iy ke g o k()

UES o

¢ e ialsupport on [0,1],

s a distance on the set of Borel probability measures on 2

(recall 7,(P, Q; v, u) = <“1 Hpﬁ’” - PS’”H%V(d“))Up)
0
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A is Hausdorff, separable, and o-compact,

the kernel k is continuous, and separating on &,

1/p
sup-KQD, (P, 05 ) = ( sup |2 (P, 0: v, 1) )
iy ke g o k()

v has full support on [0,1],

s a distance on the set of Borel probability measures on 2

Further, 1/p
: e—KQDp(P, ) — ( = [T]’; (P, O v, u)] )

» ¥ has full support on the unit sphere S,

s as well!

1

(recall Tp(P, O:r.u)= <[

P v(da)) e
0

H

e a0
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4 k(x,y) is linear, v and y are uniform, recover (max-)sliced Wasserstein.
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: : e e anllp SUpLK@ BP0 1) = st P y(da
e-KQD, (P, Q;v,7) = | E,., J | P — pit %y(da)] P (P, Q5 ) MESI; do\ v(da)

Piii 0

+ when X C RY k(x, ) is linear, v and ¥ are uniform, recover (max-)sliced Wasserstein.

» generally, when v i1s uniform, KQD are “kernelised” (max-)sliced Wasserstein.
£ <einel SYV Is new,
» kernel max-SW was introduced in [ | ]

[ ] Wang et al., Iwo-Sample Test with Kernel Projected Wasserstein Distance. AISTATS 2022.
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1 his Is a consistent estimator; more In the paper.

A projected Gaussian y gives an O(n log® n) estimator when [ = logn.
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» Within a comparable budget, KQD is competitive with MMD (for mean-characteristic kernels).
» KQD can be a distance for non-mean-characteristic kernels.
» Centered KQD offers the best of both worlds (KQD and MMD).
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» proposed kernel quantile embeddings (KQEs) and kernel quantile discrepancies (KQDs).

» established that KOQD s a distance under conditions strictly more general than those needed for MMD.
» proposed an efficient estimator for e-KQD and demonstrate 1ts effectiveness on two-sample testing problems.

» heXxt up: kernel selection; condrtional KQEs; applications beyond two-sample testing.



