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Outline of the talk

@ Motivation: model-order reduction for electronic structure calculations

© Marginal-constrained Wasserstein barycenters between Gaussian mixtures

© Numerical results
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@ Motivation: model-order reduction for electronic structure calculations

© Marginal-constrained Wasserstein barycenters between Gaussian mixtures
© Numerical results
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Electronic structure calculations for molecules

Computation of the evolution in time of the state of the set of electrons in a molecule:
electrical, magnetical, optical properties...
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Many-body Schrodinger model

For the sake of simplicity, atomic units will be used and the influence of spin will be neglected.
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Many-body Schrodinger model
For the sake of simplicity, atomic units will be used and the influence of spin will be neglected.

Born-Oppenheimer approximation:

Let us consider a physical system composed of

@ P nuclei, that are assumed to be (fixed) classical point charges, whose positions and electric
charges are denoted by R1, ..., Rp € R3 and Zi, ..., Zp € N* respectively;
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Many-body Schrodinger model

For the sake of simplicity, atomic units will be used and the influence of spin will be neglected.

Born-Oppenheimer approximation:

Let us consider a physical system composed of

@ P nuclei, that are assumed to be (fixed) classical point charges, whose positions and electric
charges are denoted by R1, ..., Rp € R3 and Zi, ..., Zp € N* respectively;

@ N electrons, considered as quantum particles: the ground (lowest energy) state of the
electrons is represented by a complex-valued function 1 : R3N — C which is antisymmetric
with respect to permutations of the order of the electrons. The function % is called the
ground state wavefunction of the system of electrons.
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Many-body Schrodinger model

For the sake of simplicity, atomic units will be used and the influence of spin will be neglected.

Born-Oppenheimer approximation:

Let us consider a physical system composed of

@ P nuclei, that are assumed to be (fixed) classical point charges, whose positions and electric
charges are denoted by R1, ..., Rp € R3 and Zi, ..., Zp € N* respectively;

@ N electrons, considered as quantum particles: the ground (lowest energy) state of the
electrons is represented by a complex-valued function 1 : R3N — C which is antisymmetric
with respect to permutations of the order of the electrons. The function % is called the
ground state wavefunction of the system of electrons.

Physical interpretation of the wavefunction:

For x1,...,xy € R3, the quantity [¢)(x1, ..., xn)|? represents the probability density at time t
of the positions xi, ..., xy of the N electrons.
For B c R3V,

J |w|2: probability that the electrons are located in the set B.
B

. 2 _ 2 _
Consequence: JR3N [p|© = ||1ZJ||L2(R3N) =1
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Electronic Schrodinger model: Born-Oppenheimer approximation

Let R = (Ry,--- ,Rp) € R < R3P the set of positions of the nuclei.
oz
Vr(x) = — — P xeRS.
pgl |X - RP|

For a given value of R, the corresponding ground state electronic wavefunction g is solution to
the eigenvalue problem (electronic Schrédinger problem)

HrYr = ERYr,

with
1

N
HR = 7Ax1,.4.4,xN + Z VR(X/') + Z m
i Xj

i=1 1<i<j<N

Problem: Linear eigenvalue problem for functions defined on the high-dimensional space R3V.
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Density (Matrix) Functional Theory

Electronic (one or two-body) density:

‘27

mm:f \W&&wwmw,TMW:J (x5 33, - 1)
R3(N—1) R3(N—2)

o) = [ reeyyay| | pbde | rley)dedy =1
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Density (Matrix) Functional Theory

Electronic (one or two-body) density:

2

)

3(N—2)

o) = [ e By ry) = [y, w)

p(x) = fw 7(x,y)dy L3 p(x) dx = fkﬁ T(x,y)dxdy =1

Instead of solving the full many-body Schrédinger electronic problem, quantum chemists prefer to
solve approximate problems, which enable to obtain approximations of the electronic one-body
density pr(x) (or electronic two-body densities Tr(x,y)).
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Instead of solving the full many-body Schrédinger electronic problem, quantum chemists prefer to
solve approximate problems, which enable to obtain approximations of the electronic one-body
density pr(x) (or electronic two-body densities Tr(x,y)).

These approximate models boil down to solving nonlinear eigenvalue problems for functions
defined on R3 (or R®).
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Density (Matrix) Functional Theory

Electronic (one or two-body) density:

)

‘2
3(N—2)

o) = [ e By ry) = [y, w)

p(x) = fw 7(x,y)dy L3 p(x) dx = fkﬁ T(x,y)dxdy =1

Instead of solving the full many-body Schrédinger electronic problem, quantum chemists prefer to
solve approximate problems, which enable to obtain approximations of the electronic one-body
density pr(x) (or electronic two-body densities Tr(x,y)).

These approximate models boil down to solving nonlinear eigenvalue problems for functions
defined on R3 (or R®).

Example of electronic one-body density approximate model: Find
Pr(x) = (¢1.r(X), -, ¢n.r(X)) solution to

(—Ax + VR(x) + W[pr](x)) ¢i,r(x) = €i ri,R(X)

PR(X) = 7 2Ly |61 R(X)2
WIpl(x) = §,crs 2y p(y) dy
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Model-order reduction for two-body electronic density models

Naturally, two-body density models are more accurate but more expensive than one-body
density models...
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Objective: Build new reduced-order models to efficiently compute approximations 7g of T for a
large number of values of R € R, out of the knowledge of pg (computed from a one-body density
model).
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Model-order reduction for two-body electronic density models

Naturally, two-body density models are more accurate but more expensive than one-body
density models...

Objective: Build new reduced-order models to efficiently compute approximations 7g of T for a
large number of values of R € R, out of the knowledge of pg (computed from a one-body density
model).

Compute pg out of a one-body model = Compute Tg ~ Tg
Important property 1: Link between one-body and two-body densities
[ mmlendy = e, [ rCxy)dy = pr(x)
R3 R3
= Marginal constraint

Important property 2: Invariance by translation If ¢ € R3 is a translation vector, it must hold
that

PR+c = pPR(-+¢€), TRyc=7rR(-+¢,-+¢C), Tryc=7r(-+¢,-+¢)

= Optimal transport
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Optimal transport for model order reduction

Non-

exhaustive list...

[lollo, Lombardi, 2014]: transport maps computed as linear combinations of optimal transport maps
[VE, Lombardi, Mula, Vialard, 2020]: use of Wasserstein barycenters (1d) with greedy algorithms

[lollo, Taddei, 2022]: use of Gaussian models

[Do, Feydy, Mula,2023]: extension of the Wasserstein barycenter methodology to higher-dimensional
settings

[Rim, Peherstorfer, Mandli, 2023): towards a Galerkin approach combined with optimal transport
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Woasserstein metric

e ne N*

@ P>(R"): set of probability measures on R" with finite second-order moments

Definition (2-Wasserstein distance)
For PO, P1 € PQ(R"),

1/2
Wa(po,pr) = inf (f foszdfr(x,y)) : (1)
meM(po,p1) \JRNxR"

where
@ || - | denotes the euclidean norm of R”
o MM(po, p1) : set of probability measures m over R” x R" with marginals pg and p;
doox) = [ dnley)  dpn) = | dnx)
yeR" xeRM

(also called the set of transport plans between pg and p1).

In the following, we will write

po = marg,(m) and p1 = marg,(m)

Virginie Ehrlacher (CERMICS) Marginal-constrained Nice, 09/10/25 10 /29



Wasserstein barycenter

For M € N*,
M
Ay = {(,\1,...,,\,\4) e®)M, D Am= 1}

Definition (Wasserstein barycenter (Agueh, Carlier, 2010))

The Wasserstein barycenter of

a collection of M probability measures p := (p!,..., pM) € Pr(R")M

associated to a set of barycentric weights A := (\1,...,Aym) € Ay is defined as the unique
solution to the problem

e Z Am Wa(p, p™)? €

The unique minimizer of (2) is denoted by Baﬂ"ﬁ‘v2 (p).
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Wasserstein barycenter

For M € N*,
M
Ay = {(,\1,...,,\,\4) e®)M, D Am= 1}

Definition (Wasserstein barycenter (Agueh, Carlier, 2010))

The Wasserstein barycenter of

a collection of M probability measures p := (p!,..., pM) € Pr(R")M

associated to a set of barycentric weights A := (\1,...,Aym) € Ay is defined as the unique
solution to the problem

e Z Am Wa(p, p™)? €

The unique minimizer of (2) is denoted by Baﬂ"ﬁ‘v2 (p).

L2 barycenter: Assume that (p!,...,pM) e [2(R")M, the L? barycenter is defined as the unique
solution to

inf A m
e Z_ m o= "7

which is given by
M
Barz‘z (p) = Z AmPm
o
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W5 vs L? barycenter

[Kolouri et al. 2016]

M =2, P=(p17p2), A:(":71_t) Witht€[071]

Bar}, (p) Bar (p)
Geodesic in the 2-Wasserstein space Geodesic in the Euclidean space

t=0 t=025 t=05 t=075 t=1

Interesting property of the Wasserstein metric for transport-dominated problems:
If po = p1(- + €) for some ¢ € R”, then it holds that

Baryy, (p) = p1(- + tc), Bar)y(p) = (1 — t)p1 + tp1(- + €)
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Model-order reduction for two-body electronic density models

Naturally, two-body density models are more accurate but more expensive than one-body
density models...
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Compute pg out of a one-body model = Compute Tg ~ g
Important property 1: Link between one-body and two-body densities
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= Marginal constraint

Important property 2: Invariance by translation If ¢ € R3 is a translation vector, it must hold
that
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Principle for reduced-order model for electronic structure calculations

[Dalery, Dusson, VE, Lozinski, 2024]
o Offline phase:
@ Choose values R!,... , RX € R and compute

pre and TRk, k=1,...,K (snapshots)

@ Select ki, ko, -+, kp € {1,..., K} with M € N* (small) out of a greedy algorithm so
that, denoting by p = (pk;,- - -, Pky) and T = (Tky, - . -, Tky, ), We have

Yk =1,...,K, 7ge~ Bardy,(r) for some Ak € Ay. 3)
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o Offline phase:
@ Choose values R!,... , RX € R and compute

pre and TRk, k=1,...,K (snapshots)

@ Select ki, ko, -+, kp € {1,..., K} with M € N* (small) out of a greedy algorithm so
that, denoting by p = (pk;,- - -, Pky) and T = (Tky, - . -, Tky, ), We have

Yk =1,...,K, 7ge~ Bardy,(r) for some Ak € Ay. 3)

@ Online phase: For a new value Re R,

@ Compute pg (out of a one-body density model)
@ Compute Ag € Ay, so that

PR~ Bari‘v'; (p) for some Ag € Apy.

© Compute 7g € Ay as
7 = Baryf (7). (4)
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Principle for reduced-order model for electronic structure calculations

[Dalery, Dusson, VE, Lozinski, 2024]
o Offline phase:
@ Choose values R!,... , RX € R and compute

pre and TRk, k=1,...,K (snapshots)

@ Select ki, ko, -+, kp € {1,..., K} with M € N* (small) out of a greedy algorithm so
that, denoting by p = (pk;,- - -, Pky) and T = (Tky, - . -, Tky, ), We have

Yk =1,...,K, 7ge ~ Bardy, (r) for some A¥ € Ay. 3)

@ Online phase: For a new value Re R,

@ Compute pg (out of a one-body density model)
@ Compute Ag € Ay, so that

PR~ Barf/‘v'; (p) for some Ag € Apy.

© Compute 7g € Ay as
7 = Baryf (7). (4)

Two issues related to marginals in Steps (3) and (4)
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Issues related to marginal constraints

(3): We would like that
2K 2K
Trk & Baryy, (T) = pgk ~ Barjy, (p)

Not true in general!
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Issues related to marginal constraints

(3): We would like that
K Ak
Trk ~ Bary, (1) = pge ~ Baryy, (p)
Not true in general!
(4): We would like that
~ A
marg, (Tr) = margX(BarW'; (7)) = pr

Also not true in general!
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(3): We would like that
K Ak
Trk ~ Bary, (1) = pge ~ Baryy, (p)
Not true in general!

(4): We would like that
marg, (Tgr) = margX(Bari‘Vg (7)) = pr

Also not true in general!

K
Idea: Replace the exact W, barycenters Barf,‘v2 (7) and Barf,‘v’; (7) by marginal-preserving and
marginal-constrained modified Wasserstein barycenters
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Issues related to marginal constraints

(3): We would like that
~ B Ak ~ B Ak
Tre ~ Baryy, (7) = pgk ~ Barjy, (p)
Not true in general!
(4): We would like that
~ A
marg, (Tr) = margX(BarW'; (7)) = pr
Also not true in general!
K
Idea: Replace the exact W, barycenters Barf,‘v2 (7) and Barf,‘v’; (7) by marginal-preserving and
marginal-constrained modified Wasserstein barycenters

So far (and talk of today): marginal-preserving and marginal-constrained modified Wasserstein
barycenters for gaussian distributions and gaussian mixtures

Extension to general distributions is work in progress!

Previous attempt in this direction: [Abraham, Abraham, Bergounioux, Carlier, 2017]
marginal-constraint enforced using penalization
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@ Motivation: model-order reduction for electronic structure calculations

© Marginal-constrained Wasserstein barycenters between Gaussian mixtures
© Numerical results
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Optimal transport between Gaussian measures

e ne N*
o 81 ,: set of positive definite symmetric matrices of R"*"
@ For peR” and S € ST |, we denote by N(p, S) the gaussian probability measure with mean

1 and covariance matrix S
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Optimal transport between Gaussian measures

o neN*
o S . set of positive definite symmetric matrices of R"*"

@ For peR” and S € ST |, we denote by N(p, S) the gaussian probability measure with mean
1 and covariance matrix S

If pPo = N(uo, 50) and p; = N(,ul, 51), it holds that
W5 (po, p1) = o — pa|* + Wa(So, S1)°

where Wh (S, S1) is the Bures-Wasserstein metric between Sy and 51, defined as

1/2
Wa(So, 51)2 =Tr <50 +5 -2 (\/57051\/570> / )

Virginie Ehrlacher (CERMICS) Marginal-constrained Nice, 09/10/25 17 /29



Wasserstein barycenters between Gaussian measures

For any M e N*, A= ()\1,...,)\/\/1) € /\M and P = (P17~--7PM) € Pz(R")M
so that for all i € {1,..., M}, p; = N'(u;, S;) for some yi; € R" and S; € ST,

Bary, (p) = N (ps, Si)

where
M
MHx = Z )\m,U«m
m=1
and S, € 81 , is the unique symmetric positive definite matrix solution to the following equation
M 12
S Am (V’s*smvs*) = 5.
m=1
In the sequel, we will denote S, by Barf,‘vz(S) where S := (51,...,5m).

Virginie Ehrlacher (CERMICS) Marginal-constrained Nice, 09/10/25 18 /29



Marginals of Gaussian measures

Let us assume now that n = nyx + ny, for some ny, n, € N*.
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Marginals of Gaussian measures

Let us assume now that n = nyx + ny, for some ny, n, € N*.
If p = N(u,S) with u = (ux, py) for some px € R™, p, € R, and S € Sf:r"y, then we can
write S as a block matrix
(% %)
SXE Sy

with S, € R™*™ S e R *" and Sy, € R™*",
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If p = N(u,S) with u = (ux, py) for some px € R™, p, € R, and S € Sf:r"y, then we can
write S as a block matrix
(% %)
SXE Sy

with S, € R™*™ S e R *" and Sy, € R™*",
and it then holds that

marg, (p) = N(ux, Sx) and  marg,(p) = N (py, Sy)
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Marginals of Gaussian measures

Let us assume now that n = nyx + ny, for some ny, n, € N*.
If p=N(w,S) with g = (px, for some px € R, eR",and S e Snx+ny, then we can
P 2 = (px, 1y I ty o

write S as a block matrix
Ss_ < 5;_ Sxy >
Sxy S}/

with S, € R™*™ S e R *" and Sy, € R™*",
and it then holds that

marg, (p) = N(ux, Sx) and  marg,(p) = N (py, Sy)

Question related to marginal constraint: Given a fixed Gaussian measure p.of = N (v, T), how
can we find another Gaussian measure p = N'(u, S) with prescribed marginals

marg, (p) = N(ux,Sx) and  marg,(p) = N(uy, Sy)

so that Wa(prer, p)? is as small as possible?
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Marginals of Gaussian measures

Let us assume now that n = nyx + ny, for some ny, n, € N*.
If p=N(w,S) with g = (px, for some px € R, eR",and S e Snx+ny, then we can
P 2 = (px, 1y I ty o

write S as a block matrix
Ss_ < 5;_ Sxy >
Sxy S}/

with S, € R™*™ S e R *" and Sy, € R™*",
and it then holds that

marg, (p) = N(ux, Sx) and  marg,(p) = N (py, Sy)

Question related to marginal constraint: Given a fixed Gaussian measure p.of = N (v, T), how
can we find another Gaussian measure p = N'(u, S) with prescribed marginals

marg, (p) = N(ux,Sx) and  marg,(p) = N(uy, Sy)

so that Wa(prer, p)? is as small as possible?

Partial answer: Necessarily, 11 = (ux, pty) and S = < 55;— %y > for some Sy, € R™*™ so that
Xy y

Wi (T, S)? is as small as possible.
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Geometric mean of covariance matrices

Definition (Geometric mean of covariance matrices)

For S, T € 81 .. the geometric mean of S and T is given by

SHT := 52 (51/2T’151/2>71/2 512

N,

Lemma (Bhatia, 2009)
It holds that
(i) S#T is the unique matrix C € 8!} , solution to the equation CS~1Cc=T;
(i) SH#HT = T#S;
(iii) (SHT) L =S1#T1L

N
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Geometric mean of covariance matrices

Definition (Geometric mean of covariance matrices)

For S, T € 81 .. the geometric mean of S and T is given by

SHT := 52 (51/2T’151/2>71/2 512

N,

Lemma (Bhatia, 2009)

It holds that

(i) S#T is the unique matrix C € 8!} , solution to the equation CS~1Cc=T;
(i) SH#HT = T#S;

(iii) (SHT) L =S1#T1L

N

Important remark:

P < Se Sy > 8™ s 5, € S™ H5;1/25&/5;1/2”2 <1

n

S, 'y
;T S ) y Dy eS
Xy y ’

+,%

with | - |2 denoting the operator norm
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Main result

Theorem (Dalery, Dusson, VE, 2025)

Let nx,n, € N* and let T, S € Sixfny with block decomposition

T— y d - y
(B %) =~ s-(& %)
with Sy, Tx € Sj_x’*, Sy, Ty € S:_y’* and Sy, Ty € R™*X . [et

VZels.s = {ZeRmw, |25 <1}, s(@)= (3 Z)
y

The function F defined as
1/2
F:Cs,s, 52— Wa(T,S(2))? = Tr (T +5(2)-2 (ﬁS(Z)ﬁ) / >

is strictly convex. Moreover, the minimization problem

Zfrk,s € argmin W2 (T, S(Z))
ZECSX,SY

has a unique minimizer which is given by

ZE & = (T " #S) Tl T~ 3S))

Virginie Ehrlacher (CERMICS) Marginal-constrained Nice, 09/10/25

(5)

(6)

()

(®)

(9)

v
21/29



Marginal-constrained modified Wasserstein barycenter

s 7ps

The matrix
S(Z7s) = <<z¢5w s )

is then the closest matrix to T in the Bures-Wasserstein sense with prescribed marginals Sx and

S,.
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Marginal-constrained modified Wasserstein barycenter

The matrix
S zZ*
S Z* _ X T,S
( T,S) <(Z'>Fk‘5)T 5y

is then the closest matrix to T in the Bures-Wasserstein sense with prescribed marginals Sx and
Sy.

Answer to the question related to marginal constraint: Given a fixed Gaussian measure
pref = N (v, T), how can we find another Gaussian measure p = N'(u, S) with prescribed

marginals
marg, (p) = N(4x, S)  and  marg, (p) = N'(uy, S,)

so that Wa(pret, p)? is as small as possible?
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Marginal-constrained modified Wasserstein barycenter

The matrix
S zZ*
S Z* _ X T,S
( T,S) <(Z>Tk‘S)T 5y

is then the closest matrix to T in the Bures-Wasserstein sense with prescribed marginals Sx and
Sy.
y

Answer to the question related to marginal constraint: Given a fixed Gaussian measure
pref = N (v, T), how can we find another Gaussian measure p = N'(u, S) with prescribed

marginals
marg, (p) = N(4x, S)  and  marg, (p) = N'(uy, S,)

so that Wa(pret, p)? is as small as possible?

S o
Full answer: Necessarily, p = (pux, and S = x, 7.5 )
Yo = (s fy) < (ZT,S)*)T S,
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Marginal-constrained modified Wasserstein barycenter

The matrix
Sx zZ*
S Z* _ T,S
( T,S) <(Z_’,_k‘$)T 5y
is then the closest matrix to T in the Bures-Wasserstein sense with prescribed marginals Sx and
Sy.

Answer to the question related to marginal constraint: Given a fixed Gaussian measure
pref = N (v, T), how can we find another Gaussian measure p = N'(u, S) with prescribed
marginals

marg, (p) = N(ix, S)  and  marg, (p) = N(uy, S,)

so that Wa(pret, p)? is as small as possible?

S )
(Zrs)")7T s,

Marginal-constrained modified Wasserstein barycenter: Apply the same formula with

Full answer: Necessarily, 1 = (1x, pty) and S = <

v=yp« and T =35,
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Marginal-constrained modified Wasserstein barycenter

The matrix
Sx zZ*
S Z* _ T,S
( T,S) <(Z_’,_k‘$)T 5y
is then the closest matrix to T in the Bures-Wasserstein sense with prescribed marginals Sx and
Sy.

Answer to the question related to marginal constraint: Given a fixed Gaussian measure
pref = N (v, T), how can we find another Gaussian measure p = N'(u, S) with prescribed
marginals

marg, (p) = N(ix, S)  and  marg, (p) = N(uy, S,)

so that Wa(pret, p)? is as small as possible?

. Sx ZE
Full answer: Necessarily, 1 = (1x, pty) and S = J

(Zrs)®)T S,

Marginal-constrained modified Wasserstein barycenter: Apply the same formula with

v=yp« and T =35,

Marginal-preserving modified Wasserstein barycenter: Apply the same formula with

v=p, T =5 px=()s, Sx= (5« Hty = (), Sy=(S)«
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Extension to Gaussian mixtures

The previous result enables to define marginal-constraint and marginal-preserving modified
Wasserstein barycenters between an arbitrary number of Gaussian measures.
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Extension to Gaussian mixtures

The previous result enables to define marginal-constraint and marginal-preserving modified
Wasserstein barycenters between an arbitrary number of Gaussian measures.

This definition can be easily extended to define marginal-constraint and marginal-preserving
modified Wasserstein barycenters between an arbitrary number of probability distributions
between Gaussian mixtures, i.e. when

Km
MemeM pn= AN S)
km=1

with ()\gm), o /\Eg'n)) € Nk, for some Kp € N*,

[Dalery, Dusson, VE, 2025]
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@ Motivation: model-order reduction for electronic structure calculations

© Marginal-constrained Wasserstein barycenters between Gaussian mixtures
© Numerical results

«O> «Fr 4 R = Q>




Toy gaussian model

true true true true true
W2 er=0.000239 W2 err=4.179371 W2 err=4.736205 W2 err=4.179188 W2 err=0.000238
W2_marg err=0.000291 W2_marg err=1.338711 W2_marg err=2.9694 W2_marg er=0.000291
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Fokker-Planck equation

op X 0 -1
a:—vx,y-<A(y>p)+DAX7yw avecD>0etA=Q(1 0 )

true

true

true

true

true

W2 err=6.0e-6

W2 err=0.122232

W2 err=0.176976

W2 err=0.17956

W2 err=0.164018

W2_marg err=0.032374

W2_marg err=0.049197

W2_marg err=0.05832

W2_marg err=0.057616
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Preliminary results for electronic structure calculations
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Summary and perspectives

Summary:

o Definition of marginal-constrained (and marginal-preserving) modified Wasserstein
barycenters between Gaussian measures and Gaussian mitures which can be analytically
computed

@ The definition heavily rely on new results concerning the geometric mean of covariance
matrices

o Encouraging preliminary towards the design of new reduced-order models results for
electronic structure calculations

Perspectives:

o Definition of marginal-constrained (and marginal-preserving) modified Wasserstein
barycenters between Gaussian measures and Gaussian mitures which can be analytically
computed

@ Gaussian fit of electronic one or two-body densities lead to quite large errors!

o Improve on gaussian fit algorithms
o Extend the definition/computation of marginal-constrained modified Wasserstein barycenters to
arbitrary measures
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Thank you for your attention!
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