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Deep learning for computational engineering

Example in computational fluid dynamics

Layer N+1

update function f: S § o
https //distill.pub/2021/gnn -intro/ atar kst
Input mesh Graph neural network Predict fields and scalars
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Deep learning

Supervised training
y Training dataset "D = {(X;,Y;)}Y,
y Neural network f’(o;w) with parameters w € R4

y Train the network by minimizing a loss function
N
L(w) == logp(Yi|X;, w)
i=1
y Point estimate wyLE , ho predictive uncertainties —10 0 10 20
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Predictive uncertainties

Lm0

Example in computational

mpression rate

Cc

Neural network :

fluid dynamics

19 20 21
Masstlow
predictions

2.0

Compression rate

Standard deviation pressure field
4.741e-02 0.1 0.16  0.222.737e-01
—

What we need : predictive uncertainties
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Bayesian neural networks

Lm0

Bayesian inference

y The observationstake the form

~

Yz' = f(XE) + E&; h g ~ N(O,O’Q(X@)IM)
y Pick aprior distribution p(w)over the parameters

y Deduce the posterior distribution using Bayes formula

p(W|X, Y) X p(Y|X, W)p(W)

p(Yi|Xi,w) = N (Y35 f(Xisw), 02Tny) ‘
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Bayesian neural networks

Lm0

Deep bayesian neural networks are challenging

y Prior distribution over the parameters difficult to choose

y Large datasets and possibly high-dimensional inputs/outputs
y High dimensional intractable posterior, possibly multimodal

Exact inference :

p(y|x, X,Y) = /dp(yx,w)p(W|X,Y)dw
R

Approximate inference :
1 n
i=1
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Approximate inference

Sampling methods

y ClassicaMCMC ( HMC, NUTS, MAL

y Stochasticgr adi ent MCMC ( SGL D, 0.25 1
.20 1

Variational methods ;: .

y Classicavl ( MFV, BBB, &) >

y Stein variational gradient descent \;, T

y Monte Carlo dropout
0.00

Gaussian approximations

y Laplace (diagonal or kronecker factorization matrix)

y Stochasticweight averaging Gaussian(SWAG)

0.05 1

mmmm Target PDF j,‘%

-—-- Unadjusted Langevin
———- Underdamped Langevin
=== Stein VGD
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Approximate inference

vy Which methods generate valid confidence intervals ?

y Which methods provide the best approximations to the target posterior ?

y Do we really need a good approximation in the high -dimensional weight space ?

y Sensitivity with respect to hyperparameters ?

y Are there any similarities between some algorithms ?
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Benchmark setup

N

Approximation methods Experiments

y Hamiltonian Monte Carlo y 4 synthetic regression problems
y Stochasticgradient MCMC y MLP networks

)'/ MC drOpOUt |]r~"|:;w ) Problem 2
y Deep ensembles
y Laplace approximation, SWAG

Problem 3 Problem 4

Evaluation metrics 4 2
y Coverage probabilities .
y Prediction accuracy

y Distancesbetween probability distributions ; 0 ; w0 wow
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Approximation methods



Markov Chain Monte Carlo  methods

Hamiltonian Monte Carlo

y Used as areference

y 3 chains, 200 iterations and 10,000leapfrog steps

y Step sizechosento get appropriate accept rates

y Requiresthe full gradient of the log -posterior

y HMC for BNNs studied by Izmaloiv et al., What are Bayesian neural network posteriors really like

Stochastic gradient MCMC

y Metropolis -Hastings correction step omitted

y Stochasticgradient (mini batched)

y Computationally more efficient but introduces asymptotic bias
y 9 variants are considered
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Stochastic gradient MCMC

Stochastic differential equation [Ma et al. 2015, Nemeth et al. 2020]

(7 — %b(Z)dt + /D@Z) AW (), Zy = (wiry)

b(Z) = —(D(Z) + Q(Z))VH(Z) + I'(Z Z 8Z )+ Qi;(Z))

Energy function

U(w) = —log(p(Y|X, w)p(w)) = — Z log(p(Y:|Xi, w)) —log(p(w))
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Stochastic gradient MCMC

Euler explicit scheme and mini -batched gradients

Z1 = 78— (D(ZF) + Q(ZF) VH(ZF) + T(ZF) ) + 1 /2eD(2F) AWH!
~ N
VU(W) =~ > VUi(w) = Vlog(p(w))

Table 1. Alist of popular SGMCMC algorithms highlighting how they fit within the general stochastic differential equation framework (9) and (10).

Algorithm r H(&) D(&) Q&)
SGLD [) U) I 0
SGRLD 0 u@) G~ ! 0
SGHMC 0 U@+ 1pT 0 0 o
@, p) @)+ 30 p 0 ¢ 1 o
1T 0o 0 0 —G(#)~'/2
SGRHMC ®,p) Ue) + 3o p (o G()™! G(o) '/ 0
1T 0 0 0 0 -l 0
SGNHT ®,0,m) U@ +ze p 0 Al 0 I o o7/
+tag = A 0 0 0 0 —pTyd 0

NOTE: Most of the terms are defined in the text, except: C = hV(#), which is a positive semidefinite matrix; G(#) is the Fisher information metric; A is a tuning parameter

for SGNHT.
Nemeth et al. 2020
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Stochastic gradient MCMC

Vanilla SGMCMC
y SGLD Welling & The, 2011]

E>0, whtl=wk_— €k§U(Wk) +v2e,t AWFTE

y SGHMC [Chen et al, 2014]

whl = wh 4 vk
kz0:9 k S k k
vl = (1 — a)v® — e, VU(W") + V2ae, AWFT!
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Stochastic gradient MCMC

Vanilla SGMCMC

y SGLD Welling & The, 2011]
y SGHMC [Chen et al, 2014]

Variance reduction
y SGLDCV [Bakeret al, 2019]

y SGHMGCV

Updated variance reduction
Y SGLDSVRG Dubey et al, 2016]
Yy SGHMGSVRG

With preconditioning
y pSGLDI[Li et al, 2016]

Cyclical scheduler
y C-SGHMC Ehang et al, 2019]

y C-SGLD

0.00010 T

Step size €,

0.00005

0.00000

0

\l\

1000
[teration k

I~

2000

— Cvcle length = 100
— Cyvcle length = 1000
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MC Dropout and deep ensembles

Monte Carlo dropout [Gal et al., 2014

y Train a neural network with dropout layers

y Output features of each layer are randomly dropped
y Keepdropout enabled during predictions

Deep ensembles [Lakshminarayananet al.,2017]
y Train 0 networks independently

y Random initializations

y Aggregate the predictions
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Gaussian approximations

Laplace approximation (LA -KFAC)
, o . p(w|X,Y) =~ N(w|lwmap, Xkrac)
y Laplace approximation of the posterior

y Compute a MAP estimate by training the network

y Kronecker factored log likelihood Hessianapproximation

Stochastic Weight Averaging Gaussian (SWAG)
y Compute a MAP estimate by training the network

y Run SGDwith a high step size andcollect values of the
parameters

y Construct a Gaussianapproximation to the posterior

Maddox et al., 2019

S SAFRAN



