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[ Which simple model? How to combine model & measurements?

Scientific problem :
Simulation & data assimilation under severe dimensional reduction

typically, 107 - 0(10) degrees of freedom
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REDUCED ORDER MODEL (ROM)

Solution of an PDE with the form:

’U(:[:}t,a’) ~ Z bi(t) ¢1($) f)’*i(a’)

1=—0
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Solution of an PDE with the form:

v(z,t,a) & Z
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Solution of an PDE with the form:

v(z,t,a) & Z

1=0
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(if any)
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REDUCED ORDER MODEL (ROM)

Solution of an PDE with the form:
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REDUCED ORDER MODEL (ROM)

Solution of an PDE with the form:

Reduced
Full space
space
Order of -
magnitude oution yg(@ist))g  (bi(t));
examples in CFD coordinates

Dimension M Xxd~10" n~10-100
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INTRUSIVE REDUCED ORDER MODEL

Combine physical models and learning approches

e Principal Component Analysis (PCA) on a dataset to reduce the dimensionality:

Snapshots

Off-line
simulations (’U(-’L‘: fi)) _

Spatial modes

« Approximation: n

@O = ) bi(®) $i)
=0

oc0)
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Combine physical models and learning approches
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INTRUSIVE REDUCED ORDER MODEL
Combine physical models and learning approches

e Principal Component Analysis (PCA) on a dataset to reduce the dimensionality:

Spatial modes

Snapshots

Off-line
simulations (”("”= ti)) | (@f’z’ (9'3)) |

« Approximation: n

v(x, t) ~
i=0

Resolved
modes

SPOILER

Projection of the “physics”
onto the spatial modes
(POD-Galerkin)

J dx ¢;(x) - (Randomized Navier-Stokes)
Q

- ROM for very fast simulation of temporal modes



DATA ASSIMILATION
= Coupling simulations and measurements y

Numerical
Simulation

GlelY)

- erroneous

= SCALIAN

On-line
measurements

- incomplete
-> possibly noisy

Velocity

29



= SCALIAN

DATA ASSIMILATION
= Coupling simulations and measurements y

Numerical
Simulation

On-line
measurements

(ROM)
- incomplete
-> possibly noisy

- erroneous

Velocity e

30



DATA ASSIMILATION

= Coupling simulations and measurements y

Numerical
Simulation

GlelY)

- erroneous

= SCALIAN

On-line
measurements

- incomplete
-> possibly noisy

Velocity

31



DATA ASSIMILATION

= Coupling simulations and measurements y

Numerical
Simulation

GlelY)

- erroneous

= SCALIAN

On-line
measurements

- incomplete
-> possibly noisy

Velocity

32



= SCALIAN

DATA ASSIMILATION
= Coupling simulations and measurements y

Numerical
Simulation

On-line
measurements

(ROM)
- incomplete
-> possibly noisy

- erroneous

Velocity

33



= SCALIAN

DATA ASSIMILATION
= Coupling simulations and measurements y

_ Data _
Numerical assimilation On-line

Simu|ati0n (e.g., particle filtering) measurements

GlelY)

-> erroneous -> possibly noisy

- incomplete

Velocity

34



= SCALIAN

DATA ASSIMILATION
= Coupling simulations and measurements y

_ Data _
Numerical assimilation On-line

Simu|ati0n (e.g., particle filtering) measurements

GlelY)

-> erroneous -> possibly noisy

- incomplete

Velocity

35



DATA ASSIMILATION
= Coupling simulations and measurements y

_ Data _
Numerical assimilation On-line

Simu|ati0n (e.g., particle filtering) measurements
Gle]Y)

- incomplete

-> erroneous -> possibly noisy

Likelihood
p(y|v)
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DATA ASSIMILATION
= Coupling simulations and measurements y

_ Data _
Numerical assimilation On-line

Simu|ati0n (e.g., particle filtering) measurements

(ROM)
- incomplete

-> erroneous -> possibly noisy

More accurate

estimation
globally in space
Posterior
p(ly) «< p(ylv)p(v)

Likelihood

p(y|v)

Velocity e
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DATA ASSIMILATION
= Coupling simulations and measurements y

_ Data _
Numerical assimilation On-line

Simu|ati0n (e.g., particle filtering) measurements

(ROM)
- incomplete

-> erroneous - possibly noisy

More accurate
Need for uncertainty / estimation
globally in space

errors gquantification | P
- Random dynamics /\J\ p(wly) % p(y|v)p(v)

P(Ves1|Ve)

Likelihood
5 m. g1 r(ylv)

Velocity
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DATA ASSIMILATION
= Coupling simulations and measurements y

_ Data _
Numerical assimilation On-line

Simu|ati0n (e.g., particle filtering) measurements

(ROM)
- incomplete

-> erroneous - possibly noisy

More accurate

Need for uncertainty / estimation /\
g . , globally in space

errors gquantification /\J Posterior

- Random dynamics p(wly) « p(y|v)p(v)

P(Vey1l|ve)

while minimizing

— errors (closure)

- CPU

Likelihood
5 m. g1 r(ylv)

Velocity e
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DATA ASSIMILATION
Example : the Particle Filter (PF) generates an ensemble ~p (v|y)

02/06/2022

» Initialization
v~ (0,%)
» Loop overtimet

Importance sampling

T vt(]) =M (vt(i)l,noise(t — 1)) Forecast (“Prior” or “backgroud”)
= If an observation y, is available at the current time ¢
o W) xp (yt|vt(j)) Likelihood evaluation, up to a constant
o Wi(t) = NWj(t) Normalization
Yimy WD)
Resampling
o Each new vt(j) is replaced by one of the old particles vt(l), e vt(Np) with probability W, (t), ...,WNp (t), respectively.

» Final posterior distribution

P(th’tl: ---»YtK) ~ lejle_lp(S (vt - vt(k))

Présentation ...

=
-
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d.
b.

Multiscale modeling

Location uncertainty
models (LUM)

Reduced LUM (Red LUM)
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MULTISCALE MODELING
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Fluids are multiscale —* Many coupled degrees of freedom
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v=w+7v’

Resolved fluid velocity:
W = Z?:o bi¢;

Unresolved fluid velocity:

!

v

Large-scale
eddy

MULTISCALE MODELING

Fluids are multiscale ==l Many coupled degrees of freedom

We cannot simulate (or observe) every scales.

Generally, authors
« simulate large scales w,

*  model the effect of small scales v’ in the equations (closure).

Here, we
« model the small scales v’ through stochastic functions,

parametrized from data and/or from physical scale symmetries.
* inject those in physical equations

for physical understanding, simulations & data assimilation.

=1 SCALIAN

02/06/2022
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LOCATION UNCERTAINTY MODELS (LUM)

v=w+7v’

Resolved fluid velocity:
W = Z?:o bi¢;

Unresolved fluid velocity: Assumed

gl (conditionally-)Gaussian

g & white in time

(non-stationary in space)

15
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LOCATION UNCERTAINTY MODELS (LUM)

v=w+7v’

Randomized
Navier-Stokes model

Resolved fluid velocity:
w = Z?:o bi¢;

Unresolved fluid velocity: Assumed

* Good closure
* Good model error
guantification

for data assimilation

gl (conditionally-)Gaussian

g & white in time

(non-stationary in space)
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v=w+7v’

Resolved fluid velocity:
w = Z?:o bi¢;

Assumed
(conditionally-)Gaussian
el & white in time
(non-stationary in space)

Unresolved fluid velocity:
r __ O'dBt

LOCATION UNCERTAINTY MODELS (LUM)

Randomized
Navier-Stokes model

* Good closure

* Good model error
guantification

for data assimilation

= SCALIAN

LUM

Memin, 2014
Mikulevicius &
Rozovskii, 2004 | Caietal. 2017
Flandoli, 2011 Chapron et al. 2018

Yang & Memin 2019

References .
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Cotter and al. 2019
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LOCATION UNCERTAINTY MODELS (LUM)

v=w+7v’

Randomized
Navier-Stokes model

Resolved fluid velocity:
w = Z?:o bi¢;

Randomized
ROM

Unresolved fluid velocity: Assumed

Good closure
* Good model error
guantification

for data assimilation

T (conditionally-)Gaussian
el & white in time
(non-stationary in space)

LUM SALT
Memin, 2014 .
) . oy Crisan et al., 2017
. M|kuIeV|q_|us & Resseguier et al. 2017 a, b, c, d Eo:m’ 20d15 Gay-Balmaz & Holm 2017
References .  Rozovskii, 2004 | Caietal. 2017 oim and Cotter and al. 2018 a, b
i Chapron et al. 2018 Tyranowski, 2016 ' ’
Flandoli, 2011 Cotter and al. 2019

Yang & Memin 2019 Arnaudon et al. 2017

Cotter and al. 2017 Resseguier et al. 2020 a, b
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LOCATION UNCERTAINTY MODELS (LUM),
Randomized Navier-Stokes

v=w+7v’

Momentum conservation

Resolved fluid velocity:

‘:Jvnresolved fluid velocity: d (W (t ) X t) ) — dF (Forces)

/ odBy . .
v = 7 (Gaussian, white wrt t)

(assuming7 -w =0 and V-v' = 0)

Positions of fluid parcels X; :
dX; = w(t, Xe)dt + o(t, X¢)dB,

Gaussian
process

white in time

Resseguier V. & al. (2017). Part |. Geophys. Astro. Fluid. hal-01391420 >1
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LOCATION UNCERTAINTY MODELS (LUM),

Randomized Navier-Stokes From Ito-Wentzell
formula (Kunita 1990)

with Ito notations

v=w+7v’

Resolved fluid velocity:
w

1
Unresolved fluid velocity: dtW + w*dt - Vw + O'dBt -VYw -V ECLVW dt = dF

UV = —— (Gaussian, white wrt t)
dt

(assuming7 -w =0 and V-v' = 0)
Variance tensor:

E{(cdB;)(cdB)T}
dt

a(x,x) =

Resseguier V. & al. (2017). Part |. Geophys. Astro. Fluid. hal-01391420 22
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Randomized Navier-Stokes From Ito-Wentzell
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with Ito notations

v=w+7v’
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Unresolved fluid velocity: dtW widt - Vw + O'dBt - Vw
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1
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LOCATION UNCERTAINTY MODELS (LUM),

Randomized Navier-Stokes From Ito-Wentzell
formula (Kunita 1990)

with Ito notations

v=w+7v’

Resolved fluid velocity: Diffusion

w

Unresolved fluid velocity: dtW widt - Vw + O'dBt - Vw

/ odBy . .
v = 7 (Gaussian, white wrt t)

Advection

1
— - E(IVW dtl= dF

(assuming7 -w =0 and V-v' = 0)

Variance tensor:
E{(cdB;)(cdB)T}
dt

a(x,x) =

Resseguier V. & al. (2017). Part I. Geophys. Astro. Fluid. hal-01391420 >4



LOCATION UNCERTAINTY MODELS (LUM),
Randomized Navier-Stokes

v=w+7v’

Resolved fluid velocity:
w

Advection

d:w Hw'dt - Vw + adB; - Vw

.y

Unresolved fluid velocity:

/ odBy . .
= 7 (Gaussian, white wrt t)

(assuming7 -w =0 and V-v' = 0)

Variance tensor:
E{(cdB;)(cdB)T}
dt

a(x,x) =

Diffusion

= SCALIAN

From Ito-Wentzell

formula (Kunita 1990)
with Ito notations

1

—aVw

> d

Resseguier V. & al. (2017). Part . Geophys. Astro. Fluid. hal-01391420
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LOCATION UNCERTAINTY MODELS (LUM),

Randomized Navier-Stokes From Ito-Wentzell
formula (Kunita 1990)

with Ito notations

v=w+7v’

Resolved fluid velocity:
w

Unresolved fluid velocity:

/ odBy . .
v = 7 (Gaussian, white wrt t)

(assuming7 -w =0 and V-v' = 0)
Variance tensor:
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LOCATION UNCERTAINTY MODELS (LUM),

v=w+7v’

Randomized Navier-Stokes From Ito-Wentzell
formula (Kunita 1990)

with Ito notations

Diffusion

1

—V-{zaVw |d
5 avw

Resolved fluid velocity: .

w Advection

Unresolved fluid velocity: + O-dBt - Vw
I __ O'dBt ‘

UV = —— (Gaussian, white wrt t)
dt

(assumingV -w =0 and V-v' = 0) f
Variance tensor:
E{(cdB;)(cdB)T}
dt Usual
terms Skew-symmetric
multiplicative

random
forcing

a(x,x) =

Resseguier V. & al. (2017). Part . Geophys. Astro. Fluid. hal-01391420
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LOCATION UNCERTAINTY MODELS (LUM),
Randomized Navier-Stokes

v=w+7v’

Resolved fluid velocity:
w

Unresolved fluid velocity:

/ odBy . .
v = 7 (Gaussian, white wrt t)

(assuming7 -w =0 and V-v' = 0)

Variance tensor:
T
s 30) = [E{(adBt()iiadBt) }
terms Skew-symmetric
multiplicative
random

forcing
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From Ito-Wentzell

formula (Kunita 1990)
with Ito notations

Resseguier V. & al. (2017). Part . Geophys. Astro. Fluid. hal-01391420
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LOCATION UNCERTAINTY MODELS (LUM),
Randomized Navier-Stokes

v=w+7v’

Resolved fluid velocity:
w

Unresolved fluid velocity:

/ odBy . .
v = 7 (Gaussian, white wrt t)

(assuming7 -w =0 and V-v' = 0)

Variance tensor:
T
s 30) = [E{(adBt()iiadBt) }
terms Skew-symmetric
multiplicative
random

forcing

Symmetric
negative

= SCALIAN

From Ito-Wentzell

formula (Kunita 1990)
with Ito notations

Resseguier V. & al. (2017). Part . Geophys. Astro. Fluid. hal-01391420
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From Ito-Wentzell

formula (Kunita 1990)
with Ito notations

Resseguier V. & al. (2017). Part . Geophys. Astro. Fluid. hal-01391420
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LOCATION UNCERTAINTY MODELS (LUM),
Randomized Navier-Stokes

v=w+7v’

Resolved fluid velocity:
w

Unresolved fluid velocity:

/ odBy . .
v = 7 (Gaussian, white wrt t)

(assuming7 -w =0 and V-v' = 0)

Variance tensor:
E{(cdB;)(cdB)T}
dt Usual

terms Skew-symmetric
multiplicative
random
forcing

a(x,x) =

Symmetric
negative

Balanced
energy
fluxes
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From Ito-Wentzell

formula (Kunita 1990)
with Ito notations

Resseguier V. & al. (2017). Part . Geophys. Astro. Fluid. hal-01391420
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v=w+7v’

LOCATION UNCERTAINTY MODELS (LUM),
Randomized Navier-Stokes

Symmetric
negative

Resolved fluid velocity:

w

Unresolved fluid velocity: C (O-dBtl F (W) dt
y _ 0dBt

UV = —— (Gaussian, white wrt t)
dt

Usual
terms Skew-symmetric
multiplicative
random
forcing

Balanced
energy
fluxes

= SCALIAN

From Ito-Wentzell

formula (Kunita 1990)
with Ito notations

| Resseguier V. & al. (2017). Part I. Geophys. Astro. Fluid. hal-01391420
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= SCALIAN

REDUCED LUM (RED LUM) | 7
POD-Galerkin gives SDEs for resolved modes Reduond ardor - 10

v=w+7v’

Resolved fluid velocity:

W, ) = Bt by (O () j :(x) - (dew + C(w, w)dt + F(w)dt + C(odB,, w) = dF) dx
Q

Unresolved fluid velocity:
/ O'dBt

UV = —— (Gaussian, white wrt t)
dt

19
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REDUCED LUM (RED LUM) | 7
POD-Galerkin gives SDEs for resolved modes Reduond ardor - 10

Resolved fluid velocity:

W, 6) = Bt by (O () j :(x) - (dew + C(w, w)dt + F(w)dt + C(odB,, w) = dF) dx
Q

Unresolved fluid velocity:
/ O'dBt

UV = —— (Gaussian, white wrt t)
dt

19
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= SCALIAN

REDUCED LUM (RED LUM) | 7
POD-Galerkin gives SDEs for resolved modes Reduond ardor - 10

Resolved fluid velocity:

W ) = T hi(O () j b:(x) - (dew + C(w, w)dt + Fw)dt + C(odB,,w) = dF) dx
Q

Unresolved fluid velocity:
/ odBy . .
v = 7 (Gaussian, white wrt t)

v

—>  db(t) = H(b(t)) dt + K(adB,) b(t)

19
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= SCALIAN

REDUCED LUM (RED LUM) | 7
POD-Galerkin gives SDEs for resolved modes Reduond ardor - 10

Resolved fluid velocity:

W ) = T hi(O () j b:(x) - (dew + C(w, w)dt + Fw)dt + C(odB,,w) = dF) dx
Q

Unresolved fluid velocity:
/ odBy . .
v = 7 (Gaussian, white wrt t)

v

—>  db(t) =|H(b(t))|dt + K(adB,) b(t)

2"d order polynomial

19
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= SCALIAN

REDUCED LUM (RED LUM) | 7
POD-Galerkin gives SDEs for resolved modes Reduond ardor - 10

Resolved fluid velocity:

W) = S g bi()bi () j $:(x) - (duw + CQw, w)dt + F(w)dt + C(adBt, W) = dF) dx
Q

db(t) H(b(t))|dt + K(o-dBt) b(t)
Multiplicative skew-symmetric noise

2"d order polynomial

Unresolved fluid velocity:
' odB¢

UV = —— (Gaussian, white wrt t)
dt

19
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= SCALIAN

REDUCED LUM (RED LUM) | 7
POD-Galerkin gives SDEs for resolved modes Reduond ardor - 10

Resolved fluid velocity:

W) = S g bi()bi () j $:(x) - (duw + CQw, w)dt + F(w)dt + C(adBt, W) = dF) dx
Q

db(t) H(b(t))|dt + K(o-dBt) b(t)
Multiplicative skew-symmetric noise

2"d order polynomial

Unresolved fluid velocity:
' odB¢

UV = —— (Gaussian, white wrt t)
dt

qu[f] = _fQ ¢] ’ C(f' (I)q) _

19
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= SCALIAN

REDUCED LUM (RED LUM) | 7
POD-Galerkin gives SDEs for resolved modes Reduond ardor - 10

v=w+7v’

J ¢;(x) - (d;w + C(w,w)dt + F(w)dt + C(adB;,w) = dF) dx
Q

»

Resolved fluid velocity:

w(x,t) = Xizo bi(t) P (x)

Unresolved fluid velocity: db (t) — H(b (t)) dt + K(O-dBt) b(t)

UV = —— (Gaussian, white wrt t)
dt

Variance tensor:
E{(cdB;)(cdB)T}

a(x,x) = m

Kigl§1=—J,0; - C(&dg) | =

20
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= SCALIAN

REDUCED LUM (RED LUM) | 7
POD-Galerkin gives SDEs for resolved modes Reduond ardor - 10

v=w+7v’

J ¢;(x) - (d;w + C(w,w)dt + F(w)dt + C(adB;,w) = dF) dx
Q

»

Resolved fluid velocity:

w(x,t) = Xizo bi(t) P (x)

Unresolved fluid velocity:
/ O'dBt

db(t) 5 H(b(t))|dt + K(adB;) b(t)
VUV = —— (Gaussian, white wrt t)

dt
Variance tensor:
E{(cdB;)(cdB)T}

a(x,x) =
= 2"d order polynomial

Coefficients given by :
e Randomized Navier-Stokes

* (¢5),

 a(x)=Atv' (v')T

Kjqlél = = [o9; - C(§bg) | T

20

- 1 (T
f=fjf
0 Resseguier et al. (2021). SIAM-ASA J Uncertain . hal- 03169957



= SCALIAN

REDUCED LUM (RED LUM) | 7
POD-Galerkin gives SDEs for resolved modes Reduond ardor - 10

v=w+7v’

J ¢;(x) - (d;w + C(w,w)dt + F(w)dt + C(adB;,w) = dF) dx
Q

»

Resolved fluid velocity:

w(x,t) = Xizo bi(t) P (x)

Unresolved fluid velocity:
/ O'dBt

db(t) 5 H(b(t))|dt + K(adB;) b(t)
VUV = —— (Gaussian, white wrt t)

dt
Variance tensor:
E{(cdB;)(cdB)T}

a(x,x) =
= 2"d order polynomial

Coefficients given by :
e Randomized Navier-Stokes 4—[ Randomized Navier-Stokes ]

* (¢5),

 a(x)=Atv' (v')T

Kjqlél = = [o9; - C(§bg) | T

20

- 1 (T
f=fjf
0 Resseguier et al. (2021). SIAM-ASA J Uncertain . hal- 03169957



= SCALIAN

REDUCED LUM (RED LUM) | 7
POD-Galerkin gives SDEs for resolved modes Reduond ardor - 10

v=w+7v’

J ¢;(x) - (d;w + C(w,w)dt + F(w)dt + C(adB;,w) = dF) dx
Q

»

Resolved fluid velocity:

w(x,t) = Xizo bi(t) P (x)

Unresolved fluid velocity:
/ O'dBt

db(t) 5 H(b(t))|dt + K(adB;) b(t)
VUV = —— (Gaussian, white wrt t)

dt
Variance tensor:
E{(cdB;)(cdB)T}

a(x,x) = m
2"d order polynomial
Coefficients given by :

« Randomized Navier-Stokes Randomized Navier-Stokes
’ (¢J ) j PCA modes

 a(x)=Atv' (v')T

Kjqlél = = [o9; - C(§bg) | T

20

- 1 (T
f=fjf
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= SCALIAN

REDUCED LUM (RED LUM) | 7
POD-Galerkin gives SDEs for resolved modes Reduond ardor - 10

v=w+7v’

J ¢;(x) - (d;w + C(w,w)dt + F(w)dt + C(adB;,w) = dF) dx
Q

»

Resolved fluid velocity:

w(x,t) = Xizo bi(t) P (x)

Unresolved fluid velocity:
/ O'dBt

db(t) 5 H(b(t))|dt + K(adB;) b(t)
VUV = —— (Gaussian, white wrt t)

dt
Variance tensor:
E{(cdB;)(cdB)T}

a(x,x) = m
2"d order polynomial
Coefficients given by :

« Randomized Navier-Stokes Randomized Navier-Stokes
’ (¢J ) j PCA modes

° ~ / NT
a(x) ~ Atv (v ) < l PCA residual v’ ]
‘ Kiglél == [ ;- C(&, ) | ==

20

- 1 (T
f=fjf
0 | Resseguier et al. (2021). SIAM-ASA J Uncertain . hal- 03169957



= SCALIAN

REDUCED LUM (RED LUM)

Full order : M ~ 107

POD-Galerkin gives SDEs for resolved modes Reduced order : 7 ~ 10

v=w+7v’

J ¢;(x) - (d;w + C(w,w)dt + F(w)dt + C(adB;,w) = dF) dx
Resolved fluid velocity: Q

w(x,t) = Xizo bi()p;(x)

Unresoci\;ed fluid velocity: » db (t) H(b (t)) dt b (t)

UV = —— (Gaussian, white wrt t)

dt
Variance tensor:
E{(cdB;)(cdB)T}

a(x,x) = m
2"d order polynomial
Coefficients given by :

« Randomized Navier-Stokes Randomized Navier-Stokes
’ (¢J ) j PCA modes

° ~ ! N\T
a(x) ~ Atv (v ) < l PCA residual v’ ]
‘ Kiglél == [ ;- C(&, ) | ==

20

Multiplicative skew-symmetric noise

- 1 (T
f=fjf
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= SCALIAN

REDUCED LUM (RED LUM) | 7
POD-Galerkin gives SDEs for resolved modes Reduond ardor - 10

v=w+7v’

J ¢;(x) - (d;w + C(w,w)dt + F(w)dt + C(adB;,w) = dF) dx
Resolved fluid velocity: 2 (n+1) x (n+1) nx 1

w(x,t) = Xizo bi()p;(x)

»

Unresolved fluid velocity:
/ O'dBt

db(t) 5 H(b(t))|dt
VUV = —— (Gaussian, white wrt t)

dt
Variance tensor:
E{(cdB;)(cdB)T}

a(x,x) = m
2"d order polynomial
Coefficients given by :

« Randomized Navier-Stokes Randomized Navier-Stokes
’ (¢J ) j PCA modes

° ~ / NT
a(x) ~ Aty (v ) < l PCA residual v’ ]
‘ Kiglél == [ ;- C(&, ) | ==

20

Multiplicative skew-symmetric noise

- 1 (T
f=fjf
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= SCALIAN

REDUCED LUM (RED LUM) | 7
POD-Galerkin gives SDEs for resolved modes Reduond ardor - 10

v=w+7v’

J ¢;(x) - (d;w + C(w,w)dt + F(w)dt + C(adB;,w) = dF) dx
Resolved fluid velocity: 2 (n+1) x (n+1) nx 1

w(x,t) = Xizo bi()p;(x)

»

Unresolved fluid velocity:
/ O'dBt

db(t) 5 H(b(t))|dt
VUV = —— (Gaussian, white wrt t)

dt
Variance tensor:
E{(cdB;)(cdB)T}

a(x,x) = m
2"d order polynomial
Coefficients given by :

« Randomized Navier-Stokes Randomized Navier-Stokes
’ (¢J ) j PCA modes

° ~ / NT
a(x) ~ Aty (v ) < l PCA residual v’ ]
‘ Kiglél == [ ;- C(&, ) | ==

20

Multiplicative skew-symmetric noise

Covariance to estimate

- 1 (T
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= SCALIAN

REDUCED LUM (RED LUM) | 7
POD-Galerkin gives SDEs for resolved modes Reduond ardor - 10

v=w+7v’

J ¢;(x) - (d;w + C(w,w)dt + F(w)dt + C(adB;,w) = dF) dx
Resolved fluid velocity: 2 (n+1) x (n+1) nx 1

w(x,t) = Xizo bi()p;(x)

»

Unresolved fluid velocity:
/ O'dBt

db(t) 5 H(b(t))|dt

UV = —— (Gaussian, white wrt t)
dt L . .
Multiplicative skew-symmetric noise
Variance tensor: i i
alx, x) = BleaB)@dE) ) Covariance to estimate
e dt . VI
2nd order polynomial E (qu (odB;) Kl-p(adBt)) /dt =~ At Kj, Tg ~ v ]

Coefficients given by :

« Randomized Navier-Stokes Randomized Navier-Stokes
’ (¢J ) j PCA modes

° ~ / NT
a(x) ~ Atv (v ) < l PCA residual v’ ]
‘ Kiglél == [ ;- C(&, ) | ==

20

- 1 (T
f=fjf
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= SCALIAN

REDUCED LUM (RED LUM) | 7
POD-Galerkin gives SDEs for resolved modes Reduond ardor - 10

v=w+7v’

J ¢;(x) - (d;w + C(w,w)dt + F(w)dt + C(adB;,w) = dF) dx
Resolved fluid velocity: 2 (n+1) x (n+1) nx 1

w(x,t) = Xizo bi()p;(x)

»

Unresolved fluid velocity:
/ O'dBt

db(t) 5 H(b(t))|dt

UV = —— (Gaussian, white wrt t)
dt L . .
Multiplicative skew-symmetric noise
Variance tensor: i i
225 = E{(0dB)(0dB)T) Covariance to estimate
! u dt . by Ab; ,
2"d order polynomial E (qu(adBt) Kip(adBt)) /dt =~ At K, b=g v ]
Coefficients given by : T
 Randomized Navier-Stokes Randomized Navier-Stokes |
’ (¢J ) j PCA modes
|

) a(x) ~ At v’ (v’)T < l PCA residual v’ ]

20

‘ Kiql€ = — [, C(&.dg) | =
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= SCALIAN

REDUCED LUM (RED LUM) | 7
POD-Galerkin gives SDEs for resolved modes Reduond ardor - 10

v=w+7v’

J ¢;(x) - (d;w + C(w,w)dt + F(w)dt + C(adB;,w) = dF) dx
Resolved fluid velocity: 2 (n+1) x (n+1) nx 1

w(x,t) = Xizo bi()p;(x)

»

Unresolved fluid velocity:
/ O'dBt

db(t) 5 H(b(t))|dt

UV = —— (Gaussian, white wrt t)
dt L . .
Multiplicative skew-symmetric noise
Variance tensor: i i
225 = E{(0dB)(0dB)T) Covariance to estimate
! u dt . by Ab; ,
2"d order polynomial E (qu(adBt) Kip(adBt)) /dt ~ At Kjq b=g v ]
Coefficients given by : T
« Randomized Navier-Stokes Randomized Navier-Stokes | I
’ (¢J ) j PCA modes |
|

) a(x) ~ Aty (v’)T < l PCA residual v’ ]

20
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= SCALIAN

REDUCED LUM (RED LUM) | 7
POD-Galerkin gives SDEs for resolved modes Reduond ardor - 10

v=w+7v’

J ¢;(x) - (d;w + C(w,w)dt + F(w)dt + C(adB;,w) = dF) dx
Q

Resolved fluid velocity: (n+1) x (n+1) nx1

w(x,t) = Xizo bi()p;(x)

»

Unresolved fluid velocity:
/ O'dBt

db(t) 5 H(b(t))|dt

UV = —— (Gaussian, white wrt t)
dt L . .
Multiplicative skew-symmetric noise
Variance tensor: i i
225 = E{(0dB)(0dB)T) Covariance to estimate
! u dt . by Ab; ,
2nd order polynomial E (qu(adBt) Kip(adBt)) /dt = Dt Kjq | == 5 v ]
. : A P
Coefficients given by : T A
« Randomized Navier-Stokes Randomized Navier-Stokes | I
’ (¢J ) j PCA modes |
|

©alx) = Aty (v’)T b l PCA residual v’ }

‘ Kiglé1=— [, ;- C(&,dg) | =

20
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= SCALIAN

REDUCED LUM (RED LUM) | 7
POD-Galerkin gives SDEs for resolved modes Reduond ardor - 10

v=w+7v’

J ¢;(x) - (d;w + C(w,w)dt + F(w)dt + C(adB;,w) = dF) dx
Q

Resolved fluid velocity: (n+1) x (n+1) nx1

w(x,t) = Xizo bi()p;(x)

»

Unresolved fluid velocity:
/ O'dBt

db(t) 5 H(b(t))|dt

UV = —— (Gaussian, white wrt t)
dt L . .
Multiplicative skew-symmetric noise
Variance tensor: i i
225 = E{(0dBy) (0dB)T) Covariance to estimate
! u dt . by Ab; ,
2nd order polynomial E (Kjq(0dBy) Kip(adBy) ) /dt ~ At Ky — Y ]
. : 4 P

Coefficients given by : T A
« Randomized Navier-Stokes 4—_' Randomized Navier-Stokes ‘I I
’ (¢J ) j ‘_'| PCA modes }

° ~ ! NT <
a(x) At v (v) l PCA residual v’ }

Kjqlél = = [o9; - C(§bg) | T

from synthetic data 20
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REDUCED LUM (RED LUM)

v=w+7v’

Resolved fluid velocity:

POD-Galerkin gives SDEs for resolved modes

j ¢;(x) - (d;w + C(w,w)dt + F(w)dt + C(adB;,w) = dF) dx

(n+1) x (n+1)

Reduced order: n ~ 10

w(x, t) = Xizo bi(£)p; (x) |v| x 1
Unresolved fluid velocity: » db (t) H(b (t dt O-dBt '
y _ 0dBt

UV = —— (Gaussian, white wrt t)
dt

Variance tensor:
E{(cdB;)(cdB)T}
dt

a(x,x) =

2"d order polynomial
Coefficients given by :

Multiplicative skew-symmetric noise

Covariance to estimate

E (qu(adBt) Kip(adBt)) Jdt ~ At K, | =2 22 v’]

« Randomized Navier-Stokes 4—_' Randomized Navier-Stokes ‘I
’ (¢J ) j ‘_'| PCA modes }

= SCALIAN

Full order : M ~ 107

New estimator

Consistency proven (At — 0)

Numerically efficient

Physically-based

— Robustness in extrapolation

by, Ab

2
b} At

ATIA

 a(x)=Atv' (v')T < l

PCA residual v’ }

- 1 (T
f=fjf
0 Ressegwer etal z!Uﬂ s SIAM-ASA J Uncertain . hal- 03169957

from synthetic data

qu [E] =

—fﬂqu-C(E,d)q) -

20




= SCALIAN

R E D U C E D L U M ( R E D L U M ) Full order (~ nb spatial grid points): M ~ 107

Multiplicative noise covariance Do of e Stom s N 107
v=w+v
db(t) = H(b(t)) dt u, b(t) with K;y[€] = — [, ¢; - C(£dy) New estimator

Resolved fluid velocity: (n+1) x (n+1)

w(x,t) = Xizo bi(©) P (x) »  Curse of dimensionality 7 ComEEeareen (B = )

Numerically efficient
. . = Since gdB; is white in time,
Unresolved fluid velocity: ‘

. odB, Zig.ip = E (Kjq(0dBy) Kip(0dBy)) /dt ~ At K;q(v) Ky (0)

= —— (Gaussian, white wrt t)
dt

Physically-based

— Robustness in extrapolation

= K is a matrix of integro-differential operators — cannot be evaluated on v'(x, t) at every time t

Randomized Navier-Stokes = Covariance of 0dB, ~ At? (v'(x,t))(v'(, t))T : M X M ~ 103 coefficients — intractable
PCA modes

PCA residual v’

from synthetic data

Resseguier et al. (2021). SIAM-ASA J Uncertain . hal- 03169957



v=w+7v’

Resolved fluid velocity:

REDUCED LUM ( RED LUM ) Full order (~ nb spatial grid points): M ~ 107
Multiplicative noise covariance Reduced order : n ~ 10

=1 SCALIAN

Number of time steps : N ~ 10*

db(t) = H(b(®)) dt u’ b() with Kjgl¢]=—Jq¢; - C(&bq) New estimator

(n+1) x (n+1)

w(x,t) = Xizo bi(©) P (x) »  Curse of dimensionality 7 ComEEeareen (B = )

Unresolved fluid velocity:

= —— (Gaussian, white wrt t)
dt

Randomized Navier-Stokes -
PCA modes .

PCA residual v’

from synthetic data

Numerically efficient
Since odB; is white in time,

Zig.ip = E (Kjq(0dBy) Kip(0dBy)) /dt ~ At K;q(v) Ky (0)

Physically-based

— Robustness in extrapolation

K is a matrix of integro-differential operators — cannot be evaluated on v'(x, t) at every time t

Covariance of 0dB, ~ At? (v’(x, t))(v’(y, t))T : M X M ~ 103 coefficients — intractable

% % v'l (hybrid fitting & physics-based)
P

requires only O(n?M) correlation estimations and 0(n?) evaluations of K

Efficient estimator ¥;, ;,, = At K,

21
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= SCALIAN

REDUCED LUM ( RED LUM ) Full order (~ nb spatial grid points): M ~ 107
Multiplicative noise covariance Reduced order : n ~ 10

Number of time steps : N ~ 10*

db(t) = H(b(®)) dt u’ b() with Kjgl¢]=—Jq¢; - C(&bq) New estimator

Resolved fluid velocity: (n+1) x (n+1)

w(x, ) = Xizo bi(t) i (x) »  Curse of dimensionality SesB ey EerE (4¢ = ()
Numerically efficient

v=w+7v’

. . =  Since adB; is white in time,

Unresolved fluid velocity: , :
R Zqip = B (Kiq(0dBy) Kip(adBy)) /dt ~ At Kig(v') Kip(v')

v = 7 (Gaussian, white wrt t)

Physically-based

— Robustness in extrapolation

= K is a matrix of integro-differential operators — cannot be evaluated on v'(x, t) at every time t

Randomized Navier-Stokes = Covariance of 0dB, ~ At? (v'(x,t))(v'(, t))T : M X M ~ 103 coefficients — intractable
PCA modes =  Efficient estimator X;, ;,, = At K}, Dp Abi v’ l (hybrid fitting & physics-based)

b_zzJ At
PCA residual v’

requires only O(n?M) correlation estimations and 0(n?) evaluations of K

from synthetic data

» Consistency of our estimator (convergence in probability for At — 0, using stochastic calculus and continuity of K)

Ab; Ab; 1T 1T — _
At Kjq [ pr_tL v ] = At pr_tl Kjqlv'] = ;fo b, d < b;,Kjq(oB) > = ;fo by ¥r=0 brd < K;;-(0B), Kjq(0B) > =¥1_0 Zjqir bpbr = Zjq,ip bzz, (orthogonality from PCA)
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= SCALIAN

REDUCED LUM ( RED LUM ) Full order (~ nb spatial grid points): M ~ 107
Multiplicative noise covariance Reduced order : n ~ 10

Number of time steps : N ~ 10*

db(t) = H(b(®)) dt u’ b() with Kjgl¢]=—Jq¢; - C(&bq) New estimator

Resolved fluid velocity: (n+1) x (n+1)

w(x, ) = Xizo bi(t) i (x) »  Curse of dimensionality SesB ey EerE (4¢ = ()
Numerically efficient

v=w+7v’

. . =  Since adB; is white in time,

Unresolved fluid velocity: , :
R Zqip = B (Kiq(0dBy) Kip(adBy)) /dt ~ At Kig(v') Kip(v')

v = 7 (Gaussian, white wrt t)

Physically-based

— Robustness in extrapolation

= K is a matrix of integro-differential operators — cannot be evaluated on v'(x, t) at every time t

Randomized Navier-Stokes = Covariance of 0dB, ~ At? (v'(x,t))(v'(, t))T : M X M ~ 103 coefficients — intractable
PCA modes = Efficient estimator X, ;, ~ At K, 22 B l (hybrid fitting & physics-based)

b_zzJ At
PCA residual v’

requires only O(n?M) correlation estimations and 0(n?) evaluations of K

from synthetic data

» Consistency of our estimator (convergence in probability for At — 0, using stochastic calculus and continuity of K)

Ab; Ab; 1T 1T — _
At Kjq [ pr_tL v ] = At pr—tLqu [v'] = ;fo b, d < b;,Kjq(oB) > = ;fo by Yr=0brd < Kir(0B), Kjq(0B) > =¥1_0 Zjqir bpbr = Zjg.in bzz, (orthogonality from PCA)

P Optimal time subsampling at At needed to meet the white assumption
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= SCALIAN

REDUCED LUM ( RED LUM ) Full order (~ nb spatial grid points): M ~ 107
Multiplicative noise covariance Reduced order : n ~ 10

Number of time steps : N ~ 10*

a’ b() with Kjql¢l = = Jo &5 - €&, dq) New estimator

n (n+1) x (n+1)
w(x,t) = Xizo bi(t)p;(x) »  Curse of dimensionality

v=w+7v
db(t) = H(b(t)) dt

Resolved fluid velocity:

Consistency proven (At — 0)

Numerically efficient

: : = S dB; is white in time,

Unresolved fluid velocity: nee oty B Whe I fime : :

R Zqip = B (Kiq(0dBy) Kip(adBy)) /dt ~ At Kig(v') Kip(v')
v = 7 (Gaussian, white wrt t)

Physically-based

— Robustness in extrapolation

= K is a matrix of integro-differential operators — cannot be evaluated on v'(x, t) at every time t

Randomized Navier-Stokes = Covariance of 0dB, ~ At? (v'(x,t))(v'(, t))T : M X M ~ 103 coefficients — intractable
PCA modes = Efficient estimator X, ;, ~ At K, 22 B l (hybrid fitting & physics-based)

b_zzJ At
PCA residual v’

requires only O(n?M) correlation estimations and 0(n?) evaluations of K

from synthetic data

» Consistency of our estimator (convergence in probability for At — 0, using stochastic calculus and continuity of K)

Ab; Ab; 1T 1T — _
At Kjq [ pr_tL v ] = At pr—tLqu [v'] = ;fo b, d < b;,Kjq(oB) > = ;fo by Yr=0brd < Kir(0B), Kjq(0B) > =¥1_0 Zjqir bpbr = Zjg.in bzz, (orthogonality from PCA)

P Optimal time subsampling at At needed to meet the white assumption ‘

r » Additional reduction for efficient sampling : —
j f diagonalization of ¥ — K(adB;) = a(df;) with a n-dimensional (instead of (n+1)2-dimensional) Brownian motion § 54
0
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SUMMARY
Stochastic ROM + Data assimilation

Off-line : Building SROM

Physics
(Navier-Stokes)

Randomized
Navier-Stokes

1l

Synthetic
Data
[ ] |
PCA PCA
modes residual

SROM
(POD-Galerkin)

db(t) =
H(b(®)) dt + a(dB,) b(t)

= SCALIAN

On-line : \

Simulation & data assimilation \

> _
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SUMMARY
Stochastic ROM + Data assimilation

Off-line : Building SROM / On-line : \

Simulation & data assimilation \

Physics
(Navier-Stokes)

1l

Synthetic
Data
[ ] |
PCA PCA
modes residual

SROM
(POD-Galerkin)

db(t) =
H(b(®)) dt + a(dB,) b(t)

Randomized
Navier-Stokes

> _
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PART IV

NUMERICAL RESULTS

a. Uncertainty
guantification
(Prior)

b. Data assimilation
(Posterior)

= SCALIAN

02/06/2022

Présentation ...

N
w




UNCERTAINTY QUANTIFICATION (PRIOR)

Known initial conditions b(t = 0)

db(t) = H(b(t)) dt + a(df,) b(t)

Metrics choice

b;(t) VS reference

Error metrics

reference ) .
min distance
closest
particle
bias
RMS/distance
mean
particle
ensemble

Test cases
Full-order
reference

= SCALIAN

From 107 to 8 degrees of freedom
No data assimilation
Known initial conditions b(t = 0)

Reduced-order reference

PCA-projection of the full-order simulation
(Optimal from 8-dof linear decomposition)

Reynolds number (Re) = 100 / 2D
(full-order simulation has 10* dof)

Vorticity

Reynolds number (Re) = 300 3D
(full-order simulation has 107 dof)

Présentation ...

(round) wind turbine blade vortlcr
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b;(t) VS reference

UNCERTAINTY QUANTIFICATION (PRIOR)

9 SCALIAN

From 107 to 8 degrees of freedom
f No data assimilation
7% Known initial conditions b(t = 0)

Reference
, (full-order simulation)

Temporal mode 1 Temporal mode 2 it
= \ i 1 ' 1 ] ' =L ", f i I | | ’ Red. LUM
A AR R R e s A TA A A B A A bl i
= 0 MAWAN.Y . ) AL AN ; W hi A = 0 _'_1' A _.-?_.‘1- .‘.i'-'li" AL Ay AR i ‘1'}_
= ] i e i. ,f 0w i I'I. F; l‘-'l, J..||‘ ¥, . = j \ f 1'|. 1 W .i‘, l; i p‘ i/ rr fo 4 I.I' ='!,I__. Red. LUM
E YA'A'A A PR = VRVERY R/ BT
o W % b -...l o " = & - LY L") f L 1"- mean
~ \ : WA/ B/ v e ! ¥ OV O W OW W N
= [ L 5 1 1 L1 - [ o L L k |
J ‘ ) ' ' ' ' Red. LUM
10 20 30 40 10 20 30 40 confidence
— _— interva
[1me ['1me State of the art
Temporal mode 3 Temporal mode 4 Temporal mode 5
y - . ' ' ' TR | AAl |
5 LI e e . 5 n \'. , AT 1 ., 5 Lo 'R = ‘_" \ bd
= WA 0y s OINANAN LAY = IR A ey A
I N S N - = 0 fﬂ.wf”j NN Y % M hlh"}"q"r T E 0 uA W A 1'\‘.’
-0.5 = 05 }‘I s o 1"1|.' LA Y -0.5 U e 'VIFI s hs A
L L A L - i i M : ;
0 2 30 40 0 20 30 40 20 30 A
Time Time lime
Temporal mode 6 Temporal mode 7 ~ lcmporﬁl mode § c
’d—: r - ‘:"."'f.‘_‘\‘\._ _"_:-_-,.“__.r-.:"‘ S — —‘__‘_'\ { * FI I' 1 ]l'l ! ﬂ ﬂ : ! |.r ui 'r] ' I Illil b "' l II I 1 " |I‘Ft| E
= O - T = U it “'"Ir:l‘ll ‘Ii,mh iy I'*;H“F F f” llﬂﬂ bl & 0f [f I Ll l'njl'm nﬁ v fic | utllvr 1~¢“;r' §
T st BERTTOEN = s [ VT 0.5 LA A £
10 ;[} 30 40 10 2[] 30 40 Iﬂ' Eﬂ' 30 40 s
lime Time Time
. . 23
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Resolved fluid velocity:
w = Z?:o bi¢;

Unresolved fluid velocity:

1%

!

Error on the reduced solution w

v=w+7v’

NOTTL. CITor

Time

IOTIL. CITOr

Reynolds number (Re) = 100 / 2D
(full-order simulation has 10* dof)

IO, CITOr

20 40 60 80

NOTIL. Crror NOTI. error

IO, CIror

UNCERTAINTY QUANTIFICATION (PRIOR)

10

= SCALIAN

From 107 to 8 degrees of freedom
No data assimilation
Known initial conditions b(t = 0)

Time

Red. LUM
RMSE
/ / reference V\m‘in distan&
Red. LUM pari
: particle
. bias S
RMS/distance
Red. LUM
40 std

Red. LUM
ensemble
minimal
distance

to the reference

mean
particle

\ ensemble j

Reynolds number (Re) = 300 3D

Time . ) 7
(full-order simulation has 107 dof)
7 =
|
0.5
0!
10 20 30 40
Time
98
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Resolved fluid velocity:
w = Z?:o bi¢;

Unresolved fluid velocity:

1%

!

Error on the reduced solution w

v=w+7v’

NOTTL. CITor

Time

IOTIL. CITOr

Reynolds number (Re) = 100 / 2D
(full-order simulation has 10* dof)

.

IO, CITOr

NOTI. error

O

INOTTNL. O

UNCERTAINTY QUANTIFICATION (PRIOR)

= SCALIAN

From 107 to 8 degrees of freedom
No data assimilation
Known initial conditions b(t = 0)

Time
n =4

The Reference remains always close

to the Red. LUM ensemble

30

Red. LUM

/ RMSE
Red. LUM

' bias
Red. LUM

40 std

Red. LUM
ensemble
minimal
distance

to the reference

10 20
Time

-

\_

reference . .
min dlstan&
closest
particle
bias
RMS/distance

mean
particle

ensemble j

Reynolds number (Re) = 300 3D
(full-order simulation has 107 dof)
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5 SCALIAN

DATA ASS I M | LATIO N (POSTE RIO R) From 107 to 8 degrees of freedom
O N @ Single measurement point (blurred & noisy velocity)

-line estimation of the solution

Reference Our method State-of-the-art

PCA-projection of the DNS POD-Galerkin with Navier-Stokes POD-Galerkin with Navier-Stokes + optimally
(Optimal from 8-dof linear decomposition) under location uncertainty (LUM) tuned eddy viscosity & additive noise

m Vortiity
2

Vorticity Vorticity

Re 100

2D
(DNS has
10* dof)

Re 300
3D
(DNS has
107 dof)

]

(round) wind turbine blade

vortices
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= SCALIAN

DATA ASSIMILATION (POSTERIOR)
Error on the solution estimation

State of the art

State of the art

v=w+7v’

Resolved fluid velocity:
W = Z?:o bi¢;

NOMMalzea velooy emor
=3 - =) =] =3
o ~ @

& ]
-TE
- cEE

= = 2]
—— = &

& |
P_— = a8
. 3 §

NOMalZea velociy emor
e 4 e e
Y kY o 3

Unresolved fluid velocity:

!

1%

NOrmanzeqa velooty error
e s e e
L*) - o o

NOrMaNZea velooity ermr
= =) = =3 -
in o ~ o

Reynolds number (Re) =100 / 2D
(full-order simulation has 10* dof)

Reynolds number (Re) = 300 3D
(full-order simulation has 107 dof)

—

2
L 0.8 o
0 1 fe 1 5 5
. J w 5 G048
N E‘o.e E‘
2 4 6 8 10 12 14 : :0 7
No.a o
g g
0.2 os
I
] 70
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CONCLUSION




7 SCALIAN

CONCLUSION

» Reduced order model (ROM) : for very fast and robust CFD (107 — 8 degrees of freedom.)
= Combine data & physics (built off-line)
=  Closure problem handled by LUM
= Efficient estimator for the multiplicative noise

= Efficient generation of prior / Model error quantification

» Data assimilation (Bayesian inverse problem) :
to correct the fast simulation on-line by incomplete/noisy measurements

» First results

=  QOptimal unsteady flow estimation/prediction in the whole spatial domain (large-scale structures)

= Robust far outside the training set

NEXT STEPS

» Real measurements

P Increasing Reynolds

(ROM of (non-polynomial) turbulence models)
» Better stochastic closure

» Parametric ROM (unknown inflow) valentin.resseguier@scalian.com 30



