
Bayesian optimization applied to 

mono & multi-fidelity constrained

black box problems

Nathalie Bartoli, Thierry Lefebvre,

Youssef Diouane, Joseph Morlier

March 2022



Tools to design the new aircraft configurations

2 N. Bartoli 

M
D

O
F

ra
m

e
w

o
rk

Disciplinary Tools

Optimization Tools 

Uncertainty
Quantification  Tools

Concepts roadmap

ČTake into account more information earlier in the design process

ČKeep a design space as large as possible
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MDO at ONERA/DTIS/M2CI: fields of investigation
M2CI for Multidisciplinary Methods and Integrated Concepts Unit
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MDO at ONERA/DTIS/M2CI: 
fields of investigation & collaborations
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Different strategies
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Gradient-free 

algorithm

Black box 

functions

Costly functions 

replaced by 

surrogate models

Exploration design, 

Trade-off studies, 

Sensitivity analysis,

Uncertainty analysis

Optimization

Generic approach 

Extension to multiple 

disciplines
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Methodology developments: Surrogate Models 

Definition of a metamodel library dedicated to Aircraft 

design

Å Models to handle a large number of design 

variables

New Kriging models: KPLS & KPLS-K

Å Models to handle multifidelity data

Co-Kriging (MFKPLS, MFKPLS-K)

Co-Kriging with heteroscedastic Noise

Å Models to handle heterogeneous function

Mixture of experts (MOE)

Å Models to handle heterogeneous variables

Kriging based on continuous relaxation 

11 N. Bartoli 



Gaussian process or Kriging model
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D. G. Krige. A statistical approach to some basic mine valuation problems on the witwatersrand. Journal of the Southern African Institute of Mining and Metallurgy, 52(6):119ï139, 1951

C. E. Rasmussen and C. K. Williams. Gaussian processes for machine learning, volume 1. MIT press Cambridge, 2006.



Gaussian process or Kriging model
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Gaussian process or Kriging model
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Gaussian process or Kriging model
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Č Hyperparameters tuning

Č Number of hyperparameters

increases with the dimension d 
(number of design variables) 

Č Curse of dimensionality

Gaussian process or Kriging model
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Č Hyperparameters tuning

Č Number of hyperparameters

increases with the dimension d 
(number of design variables) 

Č Curse of dimensionality

Gaussian process or Kriging model
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ὼ

ČExploitation of information 

provided by Partial Least 

Squares technique (PLS) 

to reduce the number of 

hyperparameters

Č KPLS and KPLS-K 

models

Wold H (1966) Estimation of Principal Components and Related Models by 

Iterative Least squares, Academic Press, New York, pp 391ï420

Bouhlel, M. A., Bartoli, N., Otsmane, A., and Morlier, J., ñImproving kriging

surrogates of high-dimensional design models by Partial Least Squares 

dimension reduction,ò Structural and Multidisciplinary Optimization, Vol. 53, 

No. 5, 2016, pp. 935ï952.

Bouhlel, M. A., Bartoli, N., Otsmane, A., and Morlier, J., ñAn Improved

Approach for Estimating the hyperparameters of the  Kriging Model for 

high-dimensional problems through The Partial Least Squares Methodò, 

Mathematical Problems in Engineering, Vol. 2016(4),  May 2016



How to consider mixed integer variables? 

19

Variables types:

Å Continuous (x) Ex: wing length

Å Integer (z) Ex: winglet number

Å Categorical (u) Ex: Plane shape / 

material properties

6 possibilities

Categorical variables: n variables, n=2

u1= shape

u2= color

Levels: Li levels for I in 1,..n, L1=3, L2=2  

Levels(u1)= square, circle, rhombus

Levels(u2)= blue, red

Categories:Б ,, 2*3=6

- Blue square

- Blue circle

- Blue rhombus

- Red square

- Red circle

- Red rhombus

N. Bartoli 

E. C. Garrido-Merchán, and D. Hernández-Lobato. ñDealing with categorical and integer-valued variables in Bayesian Optimization with Gaussian processesò. Neurocomputing, vol. 380 (2020), 

pages 20-35

Č Continuous relaxation
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Continuous relaxation

Example with 1 categorical variable and two 

levels

ÅRed color

ÅBlue color

1 categorical variable replaced by two

continuous variables denoted by X1 and  X2

ÅIf X1>X2 => (1., 0.) => Blue color

ÅIf X1<X2 => (0.,1.) => Red color

Focus on mixed integer

E. C. Garrido-Merchán, and D. Hernández-Lobato. ñDealing with categorical and integer-valued variables in Bayesian Optimization with Gaussian processesò. Neurocomputing, vol. 380 (2020), 

pages 20-35

Saves, P., Bartoli, N., Diouane, Y., Morlier, J., & Lefebvre, T. (2021, March). Enhanced Kriging models within a Bayesian optimization framework to handle both continuous and categorical

inputs. In SIAM CSE21

N. Bartoli 



21

Continuous relaxation

Focus on mixed integer

1 continuous variable x, 1 categorical variable z with 10 levels

N. Bartoli 



How to handle multi-information sources?

ÅAccess to different information sources that approximate

ώὼ with varying accuracy and cost

Hierarchical relationships among information sources: low-fidelity / high-fidelity

ČUse low-fidelity information to enhance the high-fidelity model: 

MFK  models

ÅRecursive co-Kriging formulation:

ÅDifferent scaling factors”ὼ, extension to KPLS & KPLS-K

ÅDesign of experiments adapted to multifidelity (nested DOE)

22 N. Bartoli 

Kennedy, Marc C., and Anthony O'Hagan. "Bayesian calibration of computer models." Journal of the Royal Statistical Society: Series B (Statistical Methodology) 63.3 (2001): 425-464.

Le Gratiet, Loic, and Josselin Garnier. "Recursive co-kriging model for design of computer experiments with multiple levels of fidelity." International Journal for Uncertainty Quantification 4.5 

(2014).
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Multifidelity Kriging example with 2 levels
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Vauclin, R., ñD®veloppement de mod̄les r®duits multi-fid®liteӢ en vue de lôoptimisation de structures a®ronautiques,ò Master Thesis rep., ISAE-SUPAERO/ Ecole des Mines St Etienne, July 2014 

Meliani, M. ñHigh Dimensional Efficient Global Optimization via Multi-Fidelity Surrogate Modelingñ, Master Thesis rep., ISAE-SUAPERO, 2018

4 pts HF

11 pts LF
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Multifidelity Kriging example with 3 levels

Post-Doc Andres Lopez Lopera (2020-2021)

N. Bartoli 



Blended Wing Body database
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Gauvrit-Ledogar, J., Tremolet, A., & Brevault, L. (2020). Blended wing body design. In Aerospace System Analysis and Optimization in Uncertainty (pp. 385-419). Springer, Cham.

N. Bartoli 



Blended Wing Body database: 2D results

26

López-Lopera, A. F., Bartoli, N., Lefèvre, T., & Mouton, S. (2021, March). Data fusion with multi-fidelity Gaussian processes for aerodynamic experimental and numerical databases.

In SIAM Conference on Computational Science and Engineering (CSE).
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Blended Wing Body database: 2D results

27

López-Lopera, A. F., Bartoli, N., Lefèvre, T., & Mouton, S. (2021, March). Data fusion with multi-fidelity Gaussian processes for aerodynamic experimental and numerical databases.

In SIAM Conference on Computational Science and Engineering (CSE).

N. Bartoli 

19 HF training points

222 HF validation points



Blended Wing Body database: 7D results
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López-Lopera, A. F., Bartoli, N., Lefèvre, T., & Mouton, S. (2021, March). Data fusion with multi-fidelity Gaussian processes for aerodynamic experimental and numerical databases.

In SIAM Conference on Computational Science and Engineering (CSE).
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Multifidelity Kriging with data uncertainties
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Multifidelity Kriging with data uncertainties
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with 4 repetitions



Multifidelity Kriging with data uncertainties
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with 4 repetitions



WT data:  LRM Configuration

5 campaigns : F1 and S1MA

32

LRM Configuration (Large Reference Model)

CFD simulations carried out by elsA code

Objective: to build a reliable Multi-Fidelity GP model that takes into account several

sources of data (Wind Tunnel + CFD Simulation) along with its uncertainty

N. Bartoli 

MFK for CFD & WIND TUNNEL data fusion
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CFD & WIND TUNNEL database

Å For the analysis, only the wing

body configuration and zero

slideslip angle data are taken

into account

Å Nested design of experiments

via LHS (Latin Hypercube

Sampling)

N. Bartoli 

Internship R. Conde-Arenzana and Post-Doc A. Lopez-Lopera - 2021 with S. Mouton (ONERA/WT)

ɓ=0

High fidelity Low fidelity

Conde Arenzana, R., Lopez-Lopera, A.F.,  Mouton, S., Bartoli, N., Lefebvre, T., Multi-fidelity Gaussian process model for CFD and wind tunnel data fusion, Aerobest 2021, Portugal
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CFD & WIND TUNNEL database

N. Bartoli 

Internship R. Conde-Arenzana and Post-Doc A. Lopez-Lopera - 2021 with S. Mouton (ONERA/WT)

Č Use of multifidelity GP with heteroscedastic noises 

Uncertainties associated to each point

High fidelity Low fidelity

Conde Arenzana, R., Lopez-Lopera, A.F.,  Mouton, S., Bartoli, N., Lefebvre, T., Multi-fidelity Gaussian process model for CFD and wind tunnel data fusion, Aerobest 2021, Portugal



MFK for CFD & WIND TUNNEL data fusion
Preliminary results

35
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Kriging with WT data
Training:100 % HF (250 points)

Å Test: 1000 points from the database

Multi-Fidelity approach
Training:100% HF (250 points)
+ 100% LF (2000 points)

Č Adaptive DOE to add « well chosen » points (CFD or WT) 

via an adapted acquisition function

N. Bartoli 

Conde Arenzana, R., Lopez-Lopera, A.F.,  Mouton, S., Bartoli, N., Lefebvre, T., Multi-fidelity Gaussian process model for CFD and wind tunnel data fusion, Aerobest 2021, Portugal



Models dissemination via open-source toolboxes

üLinked to an open source Surrogate Modeling 

Toolbox (SMT)  (since July 2017)

Åaccess to new Kriging based surrogate models

for higher dimension (KPLS and KPLS-K)

Åaccess to noisy Kriging to handle

uncertainties on data

Åaccess to multifidelity Kriging with or 

without noise (MFK, MFKPLS) 

Åaccess to mixed integer Kriging

36 N. Bartoli 

github.com/SMTorg/smt

Bouhlel, M. A., Hwang, J. T., Bartoli, N., Lafage, R., Morlier, J., & Martins, J. R. (2019). A Python surrogate modeling framework with derivatives. Advances in Engineering Software, 135, 102662.
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d design variables 

m mixed constraints

N. Bartoli 

Optimization problem in the field of aircraft design

ÅMain characteristics for aircraft design problem

Å Mono-objective, multi-constraints (1 ~ 100 constraints)

Å Intermediate dimension problem (1 ~ 100 variables)

Å Heterogenous variables (continuous, integer, categorical)

Å Costly evaluation (CFD, FEM, objective and/or constraints)

Å Handling non linear constraints (black box, no derivative available)

ÅApplications

Å Disciplinary solvers (aerodynamic, structure, propulsion, é)

Å Overall aircraft design process



How to build an efficient iterative process?

ÅFind the global minimum with a limited budget of 

function evaluations

ÅUse Bayesian information to detect interesting and 

promising areas  (exploitation/exploration trade-off)

Č SEGOMOE optimizer

39 N. Bartoli 

Evaluation cost

Global aspect

SEGOMOE

Genetic

algorithms

Gradient-

based

algorithms

N. Bartoli, T. Lefebvre, S. Dubreuil, R. Olivanti, N. Bons, J.R.R.A. Martins, M.-A. Bouhlel, J. Morlier,  ñAdaptive modeling strategy for constrained global optimization with application to 

aerodynamic wing design ñ, Aerospace Science and Technology, 90, 85-102., 2019



SEGOMOE

SEGO MOE

Mixture Of ExpertsSuper Efficient Global 

Optimization

Combination of surrogate

models

Global optimization with

limited number of function

evaluations

40

Jones, D. R., Schonlau, M., and Welch, W. J., ñEfficient global optimization of expensive

black-box functions,ò Journal of Global optimization, Vol. 13, No. 4, 1998, pp. 455ï492.

Sasena, M., Flexibility and efficiency enhancements for constrained global design 

optimization with Kriging approximations, Ph.D. thesis, niversity of Michigan, 2002

Jordan, M. I., Jacobs, R. A, ñHierarchical mixtures of experts and the EM algorithmñ, Neural Comput. 

6 (1994) 181ï214.

Bettebghor, D., Bartoli, N., Grihon, S., Morlier, J., and Samuelides, M., ñSurrogate modeling 

approximation using a mixture of experts based on EM joint estimation,ò Structural and 

Multidisciplinary Optimization, Vol. 43, No. 2, 2011, pp. 243ï259

Liem, R. P., Mader, C. A., and Martins, J. R. R. A., ñSurrogate Models and Mixtures of Experts in 

Aerodynamic Performance Prediction for Mission Analysis,ò Aerospace Science and Technology, 

Vol. 43, 2015, pp. 126ï151

N. Bartoli 


