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Introduction

We are interested in models driven by
(parametrized SDE) defined as :

dXt - b(Xhé-)dt + O-(Xtvé-)tha XO = X, (]‘)

with & = (&1,...,&m) a random vector valued in = C R™ modeling
the uncertain parameter, (W;):>0 a standard d-Brownian motion,
independent from &.

We assume in the following that the drift term b: RY x = — R9
and the diffusion term o : RY x = — R* satisfy :

|b(x,2) = by, 2)[ + [o(x,2) —o(y,2)| < Milx—y| o)
2
b(x, 2)]? + lo(x,2)? < M*(1+[x])

for all x,y € RY and z € = (for a given 0 < M < c0).
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Introduction

The set of assumptions (2) ensures the existence and unicity of the
solution of (1), as far as the following moment property :

Ew ¢ [X¢|? < +o0, for any g € N* .
Let us consider Sl(x, &) or (1, x, &) integrated (with respect to the

intrinsic noise W) quantities of interest (Qols) defined from the
solution of (1).

We are interested in measuring the influence of any component (or
set of components) of the vector of uncertain parameters
&= (&, -, &m) on these Qols.
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o General framework
@ Definition of Sobol’ indices
o Pick-freeze estimation procedure

Q
o

o Pick-freeze combined with Monte Carlo
o Hybrid Galerkin / MC

o

o
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R™ — R )
Let : with a
x = y=M((x,. ... Xm)
deterministic model.

We aim at determining the way the output of the reacts to
variations of the input parameters.

A natural way to measure that is, under regularity assumptions on

the model M, to compute the partial derivatives T(XO), for
»
j
j=1,...,m, and for a nominal value xg € R,
) /\/

With partial derivatives, we measure local sensitivities around
xg € R™.
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In our study, we are interested in a more global approach. How

does the Qol y reacts to variations of the input x; on its whole set
of variations ?

For our study, among numerous alternatives, we focus on variance
based sensitivity analysis.

The uncertain parameters are modeled by independent random
variables X; € =; C R. Then the probability distribution modeling
the uncertain vector X € = C R™ is a product probability
distribution :

m

Px(dx) = [ Px (dx).

j=1
E.g., X = (X1,...,Xm) ~U([0,1]™).

Thus, as the uncertainty is propagated through the model, the
output Y € R is itself a random variable.
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@ Sobol’ indices for global sensitivity analysis

o Definition of Sobol’ indices
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Towards Sobol” sensitivity indices [Sobol’, 1993] :
Does the output Y vary more or less when fixing one of its inputs?

Var (Y|X; = x;), how to choose x; ?
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GSA

Towards Sobol” sensitivity indices [Sobol’, 1993] :
Does the output Y vary more or less when fixing one of its inputs?

Var (Y|X; = x;), how to choose x; ? = [E[Var (Y|X])] -

Then, noting Var [E (Y|X;)] = Var(Y) — E [Var (Y| Xj)], we define
the first-order Sobol" index wrt X as :

S; = Var[E (Y|X;)] /Var[Y]-

The larger 0 < S; < 1, the more influential the ™ input, X;. J
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Towards Sobol” sensitivity indices [Sobol’, 1993] :
Does the output Y vary more or less when fixing one of its inputs?

Var (Y|X; = x;), how to choose x; ? = [E[Var (Y|X])] -

Then, noting Var [E (Y|X;)] = Var(Y) — E [Var (Y| Xj)], we define
the first-order Sobol" index wrt X as :

S; = Var[E (Y|X;)] /Var[Y]-

The larger 0 < S; < 1, the more influential the ™ input, X;. J

Remark : if V' =3, 7,X;, one gets
S = 312 Var[X;]/Var[Y] = pjg, with p; the linear correlation
coefficient.
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More generally, we can define Sobol’ indices of any order :

Var [E (Y[X))]

3 = <<
3 Var[y] LSS
o Var[E(Y]X, Xi)] - Var [E (Y|X))] — Var [E (Y[ X,)]
e Var[Y] /
1<j#k<m

We have 1 = ZS + Z +S1,..m-

1<j#k<m

It is also p055|b|e to define, for any 1 < j < m, the total Sobol’
index

tot
5= ), S
u§{17""m}’j€u
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o Pick-freeze estimation procedure
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We still assume that the input parameters are independent.
Let X' and X? be two independent copies of X.

For j=1,...,m, we define :
Z = (XP,. X7 X XL XD

Let ¥ = M(X') and, for j=1,...,m, Y/ = M(Z/).

We can prove :

5 _ Cov (Y, )
T Var[Y]
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Forany j € {1,...,m}, let X/ and X*', i=1,..., N be two
independent samples of size N of the parameter X;.

We define :
XU = (X XL X XX =1, N

2= (XD XPL XXX =10 N =1, m

We evaluate the model (1 + m)N times :
Yie M(XYY) i=1,...,N

YJI: (ZJI) I:]-avN?J:]'??m
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Pick-freeze estimator : [Monod et al., 2006, Janon et al., 2014]
N N i i\ 2
S

i=1

1 (VR4 (VR 1N iy oyl 2
NZ 2 - NZ 2

i=1

Total and higher order interaction indices can also be estimated.
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© Two integrated Qols for our stochastic model
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Integrated Qols

Let (X¢)r>0 be the unique solution of (1). Recall that existence
and unicity are ensured by (2). The process (X;)>0 is subject to
two uncertainty sources : the intrinsic noise modeled by the process
(Wt)e>0 and the uncertainty due to a lack of knowledge on €.

We want to define two Qols which are integrated with respect to
the intrinsic randomness of the system.

Let us assume uniform ellipticity of the system (Ellip) :

3\ > 0 such that Vx,y € RY, Vz € =, yT[oa](x,2)y > A|y|>.

Let D a bounded open subset of R (with regularity on dD) and
f € C?(D) (satisfying the compatibility assumption, regularity and
boundedness conditions). We define 7p = inf{t > 0: X; ¢ D} and
the following Qols

L((X,f) = ]EX[TD |§] and Q](taxvg) = IEx[f-()<t“)1if§TD |£] : J




Integrated Qols

We aim at studying the sensitivity of 4l (and U) to variations of
the components of & by computing Sobol’ indices :

s,(m—w, VIC{L....m}, &=1{& lcl)

Remark : the variances in the numerator and denominator are finite
under our assumptions.

We define Fy and Fy as :

Fu(W,&) =7p and Fyg(W,§) = f(Xe)li<r, -
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© State of the art for Sobol’ index estimation in our framework
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© State of the art for Sobol’ index estimation in our framework
o Pick-freeze combined with Monte Carlo
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Approach 1 : pick-freeze (PF) combined with Monte Carlo (MC).

In a first time, we compute a MC approximation of
WE) =E[7p | £]

M
EM : Z W) ,€), Wk ii.d., distributed as W.
k:

Then we estimate 5,(11) with a pick-freeze scheme on the proxy

£ (€)-
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© State of the art for Sobol’ index estimation in our framework

o Hybrid Galerkin / MC
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Approach 2 : hybrid Galerkin / MC.
Let {W,}4en be an orthonormal basis of L2(=,P¢), (-, -).

In [Le Maitre and Knio, 2015], the authors consider the
representation (d = 1)

Xe = Y Xela(W)Wq(0)
qeN

and approximate the [X¢]4(W)'s by solving the system of
stochastic differential equations

d[Xo(W) = (b( Y IXJ(W)W,) , Wo)det(o( 31X (W)W,) , Wo)dW,

r r

for 0 < g < P (the basis is truncated to its P + 1 first terms).
From the orthonormality of the basis, we get :

P

V(E[X:|€]) ~ Z{E([Xt]q)}2'

q=1
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Outline

@ New estimation procedure based on Feynman-Kac
representation of the Qol
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New approach based on Feynman-Kac representation of the Qol
[Etoré et al., 2020]

Let us first consider the non-parametrized framework
(b(x,z) = b(x) and o(x,z) = o(x)).
Let X be the solution of dX: = b(X;)dt + o(X¢)dW; and

o =inf{t >0: X; ¢ D}

(with the same assumptions as previously).
Let a= 0o ". Then EX(rp) = u(x), x € D, with u solution of the
partial differential equation (PDE)

d d
1
5 > a(x)u(x) + > b(x)dgu(x) = -1 VxeD
kj=1 k=1

ulx) = 0 VxedD.

([Karatzas and Shreve, 1991]).
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We now come back to the parametrized SDE.

For any realization ¢ of the uncertain parameter, let X (&) solution
de

dX:(&) = b(Xe, &)dt + o(Xe, &)dW.
By using the Feynman-Kac representation with the drift and

diffusion terms b(-, <) and o(+, &), we get
U(x, &) =EX[1p | £] = u(x, &) with u(-, &) solution of

d d
1 , .
5 E akj(x,{)akaju(x,é)—kg br(x,8)0u(x,6) = -1 VxeD
koj=1 k=1

u(x,§) = 0 VxedD

(with a =00T).
Thus ...
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... the Qol $i(x, &) is solution of the parametrized PDE

—V - (8(x, )Vu(x, ) + (Vu(x,£))Th(x,&) = 1 ¥xeD
(Pen)

u(x,§) = 0 VxeaD.

d=a/2, (03);=V-(dy,..-,34)", V1<j<d et b=0di—b

(for numerical purposes we use the divergence form for the PDE).
Remark : the Qol U(t, x, &) is solution of

Ov(t,x, &) = V- (é(x,i)Vv(t,x,Q)) — (Vv(t, X,{))TE(X,i),
V(t,x) € (0, T] x D

v(t,x,&) = 0, V(t,x)e(0,T]xaD

v(0,x,6) = f(x), V¥xeD.

C. PRIEUR Global sensitivity analysis for SDE models



Numerics

Outline

© Numerical implementation
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Numerics

Now the aim is to compute numerically (x, ¢) in a way which
eases the computation of Sobol’ indices...

Good news : such numerical tools do exist !
(see, e.g., [Nouy, 2009])

Notation : let V = H}(D) @ L?(Z,P¢) endowed with
u = Eellu( €)lEnpy = 1ull5

and for u,v ey

Awv) = Be( [ (Va- )73 OVl €1+ [ (Tule ) B ()

U(x, &) € V and it coincides with the unique weak solution of (Pey) in
the sense that

Vv eV, Alv)=F(v)
withVv €V, F(v) = Eg(fD v(~7§)).
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Numerics

Galerkin approximation of 4l :

Let V’V P=VvNgs8P CV with

= Span({N}N71) € H}(D) (finite elements)
and SP = Span({\llq} o) (with {W,}4cq orthonormal basis of
L2(=,Py)),

chosen such that YN:P C YN+LPHL ang | J,, p VP is dense in V.

Theorem

Let $IN-P pe the unique solution in VNP of
Vv e VVP O AWNP V) = F(v).
Then

NP (lly ——— 0.
I Iy Py~

y
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For the computation of 4N:* = S 1 S™F  UTW ¢, we seek for

U= (U°...,UP)T, with U7 = (Uf,.... U} ;) e R*N"D o< g< P

solution of AU = F where A = (A,q)o<p.q<p and F = (Fo,...,Fp)T are
defined as :

{ qu = (‘A(\UQ¢J.7\UP¢1'))1S,'JSN_1 VO S P, q S P,
Fp = (F(wpd)l)a SRR F(Wp¢N—1)) V0 < p < P.

Then we get : UNP(x,€) = Y20 UV (x)Wy(€) with

Lastly, we compute S;(1) using Parseval’s identity :

ek [V (x)I?
S [N ()2
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Numerics

Remark : with this approach, we compute approximation of Sobol" indices
without any MC scheme.

Example : dX; = —a(&) X, dt + o(&)dW; where
&= (£1,82)T with &1, &5 iid. distributed as ¢([0,1]) and

&) =1 +V301(261 — 1) and (€)= pa + V302(262 — 1).

We take D = (0, 10).

Galerkin MC combined with PF
Si(4) (N =1000, P = 10) 0.0253 (N =M =10% 6t = 10 3) 0.024927
Sy(4) (N =1000, P =10) 0.9747 (N=M =2 x 10%, 6t =10"%) 0.971277

Sobol" indices for {(x, &), x =5, in the Ornstein-Uhlenbeck
example with 3 =1, up =9 and 01 = 0, = 0.2

C. PRIEUR Global sensitivity analysis for SDE models



Numerics

For the Qol U(T, x, <), one has to solve the parametrized
parabolic PDE (...)

It also works well.

Let us choose f = 1. We get U(T,x,&) =P*(7p < T).

Galerkin / Crank-Nicholson MC combined with PF
S (W) (M =300, N=1000, P =10) 00961 (N = M =5 x 10°, 6t = 6 x 10 %) 0.095812
S)(W) (M =300, N = 1000, P = 10) 0.9039 (N =M =5 x 10%, 6t = 6 x 10~ %) 0.903182
Sobol’ indices for B(T,x,&, x =1, T =0.3) in the
Ornstein-Uhlenbeck example, with 3 =1, up =2 and 07 = 0, = 0.2.

Remark : in terms of computation time, our new approach takes a
few seconds against more than one hour for the MC / PF one.
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Conclusion, perspectives

Conclusions :
o we developed a methodology for performing GSA on Qols
integrated wrt to the intrinsic noise of the system;

o the implementation does not require any MC scheme.
Perspectives : in collaboration with colleagues in Grenoble, we aim

at applying such a methodology to better understand spike
emission described by FitzHugh—Nagumo model defined as :

H\ ! «M

Vi the membrane potential of a single neuron,

€
dCi = (vVi — Gt + B)dt + 5dW; -

1
{ dVe = =(Ve — V2 —

C; a recovery variable / channel kinetics,

€ the time scale separation, s the stimulus input,

[, v positive constants determining the position of the fixed point and the
duration of the excitation,

@ W; a Brownian motion, & > 0 the diffusion coefficient.
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Conclusion, perspectives

This model is governed by hypoelliptic SDE [Leon et al., 2018].
Our first perspective is to extend our methodology to the
hypoelliptic framework.

Another perspective is to choose adaptively the truncation of the
bases involved in the decomposition of our Qol.

We are also interested in non integrated Qol, such as the invariant
density of the FitzHugh-Nagumo model (ungoing work).
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Conclusion, perspectives

Some references

Global sensitivity analysis for models described by stochastic differential
equations.

Asymptotic normality and efficiency of two sobol index estimators.
Brownian motion and stochastic calculus series.

Pc analysis of stochastic differential equations driven by wiener noise.

) & & &

Hypoelliptic stochastic fitzhugh—nagumo neuronal model : Mixing, up-crossing
and estimation of the spike rate.
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Conclusion, perspectives

Uncertainty and sensitivity analysis for crop models.

Recent developments in spectral stochastic methods for the numerical solution of
stochastic partial differential equations.

Sensitivity analysis for nonlinear mathematical models.
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Conclusion, perspectives

Thanks for your attention !
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