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• Computer simulations play a significant role in today’s scientific 
discovery and engineering advancements.

• The validation of computer simulation models is a critical step in 
ensuring their reliability and accuracy before they are employed in 
practical applications.

•  

• The goal of validation is to determine whether the computer input-
output relation agrees with the physical process (expected potential 
physical outcome).

•  

• In this work, we propose a rigorous frequentist statistical methodology 
to validate a computer model globally or on a subdomain.
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Overarching goal
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Validation of computer models

• Example from (Oberkampf & Barone 
2006).

• A free shear layer is formed when two 
streams with distinct velocities and 
temperatures separated by a thin splitter 
plate mix downstream of the splitter 
plate trailing edge. 

• The data consists of a computational 
simulation dataset 𝑦𝑦𝑠𝑠, with 11 
observations, and dataset 𝑦𝑦𝑖𝑖, with 32 
physical observations.

• Input: the convective Mach number 𝑀𝑀𝑐𝑐

• Output: Compressibility factor 𝑦𝑦



• Why a frequentist method?
• Frequentist methods are generally perceived as more objective.

• Why subdomain tests?
• It is possible that the computer model is accurate in some input areas but not 

as accurate elsewhere.
• Learning computer model’s region of inaccuracy can help understand the 

model’s limitation and guide further improvements.
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Some high-level questions



• In this work, our goal is to validate a known deterministic function
𝑦𝑦𝑠𝑠:Ω → ℝ,

with Ω ⊂ ℝ𝑑𝑑, which can be either the computer model or a surrogate 
model. We will call 𝑦𝑦𝑠𝑠 the computer model for simplicity.

•  
• The physical data follows the non-parametric model

𝑦𝑦𝑖𝑖 = 𝑓𝑓 𝑥𝑥𝑖𝑖 + 𝑒𝑒𝑖𝑖
• 𝑓𝑓 is called the physical process.
• 𝑥𝑥𝑖𝑖’s are i.i.d. random variables with probability density function 𝑝𝑝 𝑥𝑥 .
• 𝑒𝑒𝑖𝑖’s are i.i.d. random variables with mean zero and variance 𝜎𝜎2.
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Notation and models



• Statistical validation: provide a p-value with statistical guarantee.
•  

• Global validation: validate whether 𝑦𝑦𝑠𝑠 𝑥𝑥 = 𝑓𝑓 𝑥𝑥  for all 𝑥𝑥 ∈ Ω.
• Some existing statistical methods can be adapted to conduct a test.
•  

• Subdomain validation: validate whether 𝑦𝑦𝑠𝑠 𝑥𝑥 = 𝑓𝑓 𝑥𝑥  for 𝑥𝑥 ∈ Ω𝑖𝑖 ⊂ Ω.
• No existing work in the original format.
• Can be useful when there is a subdomain of particular interest, or we want to 

understand the reliable input domain of the computer model.
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The aim



• Global validation
•  

𝐻𝐻0:𝑓𝑓 𝑥𝑥 = 𝑦𝑦𝑠𝑠 𝑥𝑥  for all 𝑥𝑥 ∈ Ω 𝐻𝐻1: 𝑓𝑓 𝑥𝑥 ≠ 𝑦𝑦𝑠𝑠 𝑥𝑥  for some 𝑥𝑥 ∈ Ω.

• Subdomain validation is formulated as a multiple testing problem.
• Consider a partition Ω =∪𝑖𝑖=1𝑁𝑁 Ω𝑖𝑖. 
• The goal is to control the individual error rate (IER) or the family-wise error rate 

(FWER) for the following set of hypotheses:
•  

𝐻𝐻0𝑖𝑖:𝑓𝑓 𝑥𝑥 = 𝑦𝑦𝑠𝑠 𝑥𝑥  for all 𝑥𝑥 ∈ Ω𝑖𝑖 𝐻𝐻1𝑖𝑖:𝑓𝑓 𝑥𝑥 ≠ 𝑦𝑦𝑠𝑠 𝑥𝑥  for some 𝑥𝑥 ∈ Ω𝑖𝑖 .
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Problem formulation
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Fourier expansion of a function

• We propose a novel statistical inference framework using the 
(generalized) Fourier coefficients.



• Let ℎ𝑗𝑗  be an orthonormal basis of 𝐿𝐿2 Ω . Then each 𝑔𝑔 ∈ 𝐿𝐿2 Ω  admits
𝑔𝑔 = �

𝑗𝑗=1

∞
𝑔𝑔𝑗𝑗ℎ𝑗𝑗 ,

 

where 𝑔𝑔𝑗𝑗 = ∫𝑔𝑔 𝑥𝑥 ℎ𝑗𝑗 𝑥𝑥 𝑑𝑑𝑑𝑑 is called a generalized Fourier coefficient.
•  

• Fact: 𝑔𝑔 is zero if and only if all 𝑔𝑔𝑗𝑗’s are zero.
•  

• Let 𝛿𝛿 = 𝑓𝑓 − 𝑦𝑦𝑠𝑠 be the discrepancy process.
•  

• Consider the generalized Fourier coefficients of 𝛿𝛿 𝑝𝑝:
𝑠𝑠(𝑗𝑗) ≔ �𝛿𝛿 𝑥𝑥 𝑝𝑝 𝑥𝑥 ℎ𝑗𝑗 𝑥𝑥 𝑑𝑑𝑑𝑑 .

•  

• We hope to: Test 𝑠𝑠(𝑗𝑗) = 0 for all 𝑗𝑗 simultaneous.
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Proposed method: High level ideas
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Nonparametric reconstruction with KRR

• We first reconstruct the discrepancy 𝛿𝛿 = 𝑓𝑓 − 𝑦𝑦𝑠𝑠.
•  

• Let 𝑧𝑧𝑖𝑖 = 𝑦𝑦𝑖𝑖 − 𝑦𝑦𝑠𝑠 𝑥𝑥𝑖𝑖 . Use kernel ridge regression

𝛿𝛿𝑛𝑛 ≔ argmin𝑣𝑣∈ℋ
1
𝑛𝑛
�
𝑖𝑖=1

𝑛𝑛

𝑧𝑧𝑖𝑖 − 𝑣𝑣 𝑥𝑥𝑖𝑖
2 + 𝜆𝜆𝑛𝑛 𝑣𝑣 ℋ

2 .

• ℋ: the reproducing kernel Hilbert space generated by 
an isotropic Matérn kernel.

• 𝜆𝜆𝑛𝑛: a tuning parameter to balance the bias and the 
variance.

• Solution coincides with Gaussian process regression.



• For now, let us assume that the input density 𝑝𝑝 is known. This condition 
will be relaxed later.

•  

• We estimate 𝑠𝑠(𝑖𝑖) via a plug-in method

𝑠̂𝑠𝑛𝑛
(𝑗𝑗) = � 𝛿̂𝛿𝑛𝑛 𝑥𝑥 𝑝𝑝 𝑥𝑥 ℎ𝑗𝑗 𝑥𝑥 𝑑𝑑𝑑𝑑 .

•  

• A known asymptotic result: for each 𝑗𝑗, 𝑛𝑛 𝑠̂𝑠𝑛𝑛
𝑗𝑗 − 𝑠𝑠 𝑗𝑗  is asymptotically 

equivalent to 1
𝑛𝑛
∑𝑖𝑖=1𝑛𝑛 𝑒𝑒𝑖𝑖ℎ𝑗𝑗 𝑥𝑥𝑖𝑖

𝑝𝑝 𝑥𝑥𝑖𝑖
.

• A nice property: the leading terms for different 𝑗𝑗’s are uncorrelated.
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Estimation under oracle input density



• Therefore, 𝑛𝑛 𝑠̂𝑠𝑛𝑛
𝑗𝑗 − 𝑠𝑠 𝑗𝑗 ↝ 𝑁𝑁 0,𝜎𝜎2  for each 𝑗𝑗.

• 𝜎𝜎2 is the variance of the random noise in the physical data, which can be 
consistently estimated from the residual of KRR.

• This is a semi-parametric result: the 𝑛𝑛−1/2-rate is attained despite the slower 
nonparametric convergence rate for 𝛿̂𝛿𝑛𝑛 − 𝛿𝛿.

• This result allows for a Wald-type test for 𝐻𝐻0
𝑗𝑗 : 𝑠𝑠 𝑗𝑗 = 0 𝐻𝐻1

𝑗𝑗 : 𝑠𝑠 𝑗𝑗 ≠ 0.
• The asymptotic p-value is

2 1 −Φ
𝑛𝑛𝑠̂𝑠𝑛𝑛

𝑗𝑗

�𝜎𝜎𝑛𝑛
.
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A semi-parametric result



• Theorem 1 enables simultaneous inference for all 𝑠𝑠(𝑗𝑗), on the premise 
that a sequence of decay coefficients 𝜌𝜌𝑗𝑗 is involved.

•  

• Theorem 1. Under regularity conditions (e.g., 𝜌𝜌𝑗𝑗 = 𝑜𝑜(log−𝑠𝑠 𝑗𝑗 + 1 ) 
for 𝑠𝑠 > 1/2), we have
 

𝑛𝑛 𝜌𝜌1 𝑠̂𝑠𝑛𝑛
1 − 𝑠𝑠 1 ,𝜌𝜌2 𝑠̂𝑠𝑛𝑛

2 − 𝑠𝑠 2 , …
↝ 𝑁𝑁 0, diag 𝜌𝜌12𝜎𝜎2,𝜌𝜌22𝜎𝜎2, … .
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A simultaneous convergence result



• In light of Theorem 1, we propose the following testing method.

• Maximum modulus test statistic 𝑇𝑇 = max
𝑗𝑗≥1

𝑛𝑛𝜌𝜌𝑗𝑗𝑠̂𝑠𝑛𝑛
𝑗𝑗

�𝜎𝜎𝑛𝑛
.

• The asymptotic p-value is 1 −∏𝑗𝑗=1
∞ 2Φ 𝑇𝑇/𝜌𝜌𝑗𝑗 − 1 .

• Under the global alternative hypothesis, 𝑇𝑇 diverges at a 𝑛𝑛-rate.
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Test statistic



• When 𝑝𝑝 is unknown, we may replace it by a density estimator 𝑝̂𝑝𝑛𝑛.

• A natural estimator of 𝑠𝑠 𝑗𝑗  would be

𝑠̃𝑠𝑛𝑛
𝑗𝑗 ≔ � 𝛿̂𝛿𝑛𝑛 𝑥𝑥 𝑝̂𝑝𝑛𝑛 𝑥𝑥 ℎ𝑗𝑗 𝑥𝑥 𝑑𝑑𝑑𝑑 .

• However, semi-parametric theory fails to work this time. Due to the 
slow convergence rate of the density estimator, 𝑠̃𝑠𝑛𝑛

𝑗𝑗  does not 
converge to 𝑠𝑠 𝑗𝑗  at a 𝑛𝑛−1/2-rate.
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Estimated input density



• Define

𝑑𝑑𝑗𝑗 = � 𝛿̂𝛿𝑛𝑛 𝑥𝑥 − 𝛿𝛿 𝑥𝑥 𝑝̂𝑝 𝑥𝑥 ℎ𝑗𝑗 𝑥𝑥 𝑑𝑑𝑑𝑑 .

• Theorem 2. Under regularity conditions, we have
 

𝑛𝑛 𝜌𝜌1𝑑𝑑1,𝜌𝜌2𝑑𝑑2, … ↝ 𝑁𝑁 0, diag 𝜌𝜌12𝜎𝜎2,𝜌𝜌22𝜎𝜎2, … .

• Theorem 2 justifies the testing method on the previous slide with 
estimated density.

• The test is consistent: under 𝐻𝐻1, the test statistic diverges at a 𝑛𝑛-rate.
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Asymptotics under estimated density



• For the subdomain problem, we pick an orthonormal basis ℎ𝑖𝑖𝑖𝑖 𝑗𝑗=1
∞

 for 
each Ω𝑗𝑗.

• Regard each ℎ𝑖𝑖𝑖𝑖 as a local function supported within Ω𝑖𝑖.

• Test statistic 𝑇𝑇𝑖𝑖 = 𝑛𝑛
�𝜎𝜎𝑛𝑛

max
𝑗𝑗≥1

𝜌𝜌𝑗𝑗 ∫ 𝑓𝑓𝑛𝑛 − 𝑦𝑦𝑠𝑠 𝑥𝑥 𝑝̂𝑝𝑛𝑛 𝑥𝑥 ℎ𝑖𝑖𝑖𝑖 𝑥𝑥 𝑑𝑑𝑑𝑑 .
•  

• Asymptotic p-value under individual error rate (IER):
1 −∏𝑗𝑗=1

∞ 2Φ 𝑇𝑇𝑖𝑖/𝜌𝜌𝑗𝑗 − 1 .
 
 

• Use  the Bonferroni correction to control the family-wise error rate 
(FWER).
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Proposed method: Subdomain test and p-value
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• We compare the proposed method with the established nonparametric test of 
Neumeyer & Dette (2003). Examine the rejection probabilities of the tests based 
on our global test and their statistics 𝐾𝐾(1) and 𝐾𝐾(2).

• We consider six pairs of hypotheses. In each test: 𝐻𝐻0: 𝑓𝑓1 𝑥𝑥 = 𝑓𝑓2 𝑥𝑥 ; 𝐻𝐻1: 𝑓𝑓2 𝑥𝑥 =
𝑓𝑓1 𝑥𝑥 + 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝.
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Comparison with benchmark: Hypotheses

Name 𝒇𝒇𝟏𝟏(𝒙𝒙) 𝒇𝒇𝟐𝟐(𝒙𝒙) Perturbation

Constant vs Linear 1 1 + 𝑥𝑥 𝑥𝑥
Exp vs Exp + Linear 𝑒𝑒𝑥𝑥 𝑒𝑒𝑥𝑥 + 𝑥𝑥 𝑥𝑥
Sine vs Sine + Linear sin(2𝜋𝜋𝜋𝜋) 2 sin 2𝜋𝜋𝜋𝜋 + 𝑥𝑥 𝑥𝑥

Constant vs Constant + Sine 1 1 + 2sin(2𝜋𝜋𝜋𝜋) sin(2𝜋𝜋𝜋𝜋)
Exp vs Exp + Sine 𝑒𝑒𝑥𝑥 𝑒𝑒𝑥𝑥 + 2sin(2𝜋𝜋𝜋𝜋) sin(2𝜋𝜋𝜋𝜋)
Sine vs Double Sine sin(2𝜋𝜋𝜋𝜋) 2sin(2𝜋𝜋𝜋𝜋) sin(2𝜋𝜋𝜋𝜋)



• For each hypothesis scenario, rejection probabilities are estimated 
from 1000 simulation trials at sample sizes 𝑛𝑛 ∈ {25, 50} and 
significance levels 𝛼𝛼 ∈ {0.025, 0.05, 0.1}. 

• In each trial, the design points 𝑥𝑥𝑖𝑖 𝑖𝑖=1
𝑛𝑛  are sampled i.i.d from a 

truncated normal distribution with mean 𝜇𝜇 =  0.5, standard 
deviation 𝜎𝜎0 = 0.2, and restricted to the interval [0,1].

• The function values 𝑓𝑓1 𝑥𝑥  and 𝑓𝑓2(𝑥𝑥) are corrupted by additive noise, 
where 𝑒𝑒1 ≡ 0 and 𝑒𝑒2 ∼ 𝒩𝒩(0,0.52) , sampled independently. 

• We use shaded cells to highlight the values closest to 𝛼𝛼 without 
exceeding it under 𝐻𝐻0 ​, and closest to 1 under 𝐻𝐻1.

10/22/2026 UQSay #102

Comparison with benchmark: Other details
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Comparison with benchmark: Results I

• When the perturbation is linear, our test statistical power is similar to the 
benchmark and slight better in most cases.
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Comparison with  benchmark: Results II

• When the perturbation is sine, our test shows significant higher statistical 
power than the benchmark.



• The shear layer experiment investigates the relationship between the 
compressibility factor Φ and the convective Mach number 𝑀𝑀𝑐𝑐. 

• Oberkampf & Barone (2006) proposed a validation metric and 
analyzed the data using confidence interval techniques.

• Subsequently, Wang, Chen, & Tsui (2009) applied a Bayesian approach 
based on Gaussian process modeling to further analyze the same 
dataset.

• We apply our testing procedure both globally over the full domain 
[0,1.5] and locally over six contiguous subdomains of length 0.25, 
resulting in one global test and six subdomain tests. 

• Additionally, we compute the corresponding 𝑝𝑝-value over the full 
domain using the test statistic introduced by Neumeyer & Dette 
(2003).
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Shear layer experiment: Intro
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Shear layer experiment: Result



• Global-level comparison (𝛼𝛼 = 0.05)

• Subdomain-level comparison (𝛼𝛼 = 0.05)
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Shear layer experiment: Comparison

Our Test Neumeyer & 
Dette 𝐾𝐾(1)

Neumeyer & 
Dette 𝐾𝐾(𝟐𝟐)

Oberkampf & 
Barone (2006)

Wang et al. 
(2012)

Reject (0.005) Accept (0.165) Accept (0.440) Reject Reject

Subdomain 
(𝑀𝑀𝑐𝑐 range)

Our Test Wang et al. 
(2009)

Oberkampf & 
Barone (2006)

[0.5, 0.75] 
(includes 0.65)

Reject 𝐻𝐻0 Accept at 0.65 Accept at 0.65

[0.75, 1.0] 
(includes 0.8)

Reject 𝐻𝐻0 Reject at 0.8 Reject at 0.8

[1.0, 1.25] 
(includes 1.2)

Reject 𝐻𝐻0 Result uncertain 
(insufficient data)

Reject at 1.2



• Calibration is the process to adjust parameters in the computer model 
so that the computer output matches the physical process better.

• If the computer model is calibrated using physical data, the 
uncertainty of the physical data should be reflected in the limit 
distribution of the physical process.

• Here we only consider a simple case: the same dataset is used for 
both calibration and validation.

• Idea: We still use a similar test statistic, but pursue its new limit 
distribution
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Validation after model calibration



• We consider the 𝐿𝐿2 calibration framework (Tuo & Wu 2014), with the goal 
of estimating

𝜃𝜃∗ ≔ argmin 𝑓𝑓 − 𝑦𝑦𝑠𝑠 ⋅,𝜃𝜃 𝐿𝐿2 .

• The optimal estimator is
𝜃̂𝜃 ≔ argmin 𝑓𝑓 − 𝑦𝑦𝑠𝑠 ⋅,𝜃𝜃 𝐿𝐿2

.

• It has the asymptotic leading term
𝑉𝑉−1�

𝑖𝑖=1

𝑛𝑛
𝑒𝑒𝑖𝑖
𝜕𝜕𝑦𝑦𝑠𝑠

𝜕𝜕𝜕𝜕
𝑥𝑥𝑖𝑖 ,𝜃𝜃∗ ,

with 𝑉𝑉 ≔ 𝔼𝔼 𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜃𝜃𝑇𝑇
𝑓𝑓 𝑥𝑥1 − 𝑦𝑦𝑠𝑠 𝑥𝑥1,𝜃𝜃∗ 2

 being the Fisher information 
matrix.
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L2 calibration



• Test statistic
𝑠̂𝑠𝑛𝑛
𝑗𝑗 ≔ � 𝑓𝑓 𝑥𝑥 − 𝑦𝑦𝑠𝑠 𝑥𝑥, �𝜃𝜃 𝑝̂𝑝𝑛𝑛 𝑥𝑥 ℎ𝑗𝑗 𝑥𝑥 𝑑𝑑𝑑𝑑

= � 𝑓𝑓 𝑥𝑥 − 𝑦𝑦𝑠𝑠 𝑥𝑥,𝜃𝜃∗ 𝑝̂𝑝𝑛𝑛 𝑥𝑥 ℎ𝑗𝑗 𝑥𝑥 𝑑𝑑𝑑𝑑 +

� 𝑦𝑦𝑠𝑠 𝑥𝑥,𝜃𝜃∗ − 𝑦𝑦𝑠𝑠 𝑥𝑥, �𝜃𝜃 𝑝̂𝑝𝑛𝑛 𝑥𝑥 ℎ𝑗𝑗 𝑥𝑥 𝑑𝑑𝑑𝑑 .

• Both terms are asymptotically normal, but they are not independent.
•  

• Consequently, 𝑛𝑛 𝜌𝜌1𝑑𝑑1,𝜌𝜌2𝑑𝑑2, …  still converges to a normal distribution, but its 
covariance is no longer diagonal.

•  

• The idea is to perform Gram-Schmidt orthogonalization first, then use the 
maximum modulus statistic. 
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Test statistics and asymptotic distribution



• Some may argue that the computer model does not have to give the 
same output as the reality. It is fit for use as long as the discrepancy is 
small enough. One possibility is to introduce a thresholding Δ, and 
consider the test

𝐻𝐻0: 𝛿𝛿 ≤ Δ 𝐻𝐻1: 𝛿𝛿 > Δ,
or

𝐻𝐻0: 𝛿𝛿 ≥ Δ 𝐻𝐻1: 𝛿𝛿 < Δ.
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Future extensions



• We propose a novel hypothesis testing methodology to validate a 
computer model globally or in a subdomain of the input space.

• Preprint available at arXiv:2604.17144. A revised version will be 
released soon.
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Conclusion

• Thank you for attending the talk!
Email: ruituo@tamu.edu
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